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Abstract: Stochastic evolutionary models are credited for their ability to derive sharp predictions

about equilibrium selection when multiplicity exists. A major criticisms of these models concerns the

convergence rates to long-run stable sets and to stationarity. In particular, there are cases in which

the expected waiting times increase exponentially with the population size. Under local interactions

however, the expected waiting times are shown to be finitely bounded even when the population size

is arbitrarily large. This paper provides a detailed characterization of convergence rates in networks

using two measures; expected waiting time and convergence time as measures for the transition times

between subsets of states and to stationarity or selection. We provide tighter bounds for each for

positive rather than limit noise levels. Three factors are key in influencing the convergence rates, the

payoff gains, network topology and noise level. The network topology and payoff gains interactively

determine whether or not a strategy is globally contagious and the convergence rates are a function of

this property. When global contagion is feasible, the expected waiting time from any other subset of

states to the long-run stable set is shorter for highly than sparsely connected networks. The reverse is

true for convergence time. Networks for which global contagion is infeasible lead to shorter convergence

time.
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1. Introduction

Evolutionary game theory provides a framework for modeling repeated interactions and exper-
imentation among economic agents over time. The basic idea of evolutionary game dynamics is
that individuals are repeatedly matched to play a given game, and over time each learns their op-
ponents’ play and subsequently adjust their behavior. The adjustment process is such that players
are assumed to best respond myopically to opponents’ strategies, but their assessments are sub-
ject to random shocks. The major contributions of evolutionary game theory to game theory are
∗Corresponding author: Opolot D. C., Maastricht University—UNU-MERIT, Keizer Karelplein 19, 6211 TC Maas-

tricht, The Netherlands, (opolot@merit.unu.edu), Tel. +31 433884440, Fax +31 433884499.
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equilibrium prediction or selection (by identifying long-run or stochastically stable outcomes), and
explaining how Nash Equilibrium comes about through simple adaptive behavioral rules such as
bounded-rationality and myopia.

One of the major discussions in stochastic evolutionary literature concerns the rate at which
equilibrium selection occurs. The computation of stochastically stable sets involves taking the
limits of noise. But as pointed out by Ellison (1993) and Sandholm (2010), assuming vanishing
noise levels also implies that the convergence time to the long-run stationary distribution (hence
selection) becomes exceptionally long. More specifically, once the process gets trapped in one of
the quasi-stable states (possibly a socially undesirable one), the waiting time to exit its basin of
attraction becomes arbitrarily large for vanishing noise. There are however cases in which the
waiting times are shown to be finite and even sometimes to be independent of the population size.
This is particularly the case when agents are matched to play with only a subset of others in the
population. Robson and Vega-Redondo (1996) shows that the convergence rates are high when
players are matched in a round robin tournament mechanism, where each player confronts each
other player exactly once. Ellison (1993), Sandholm (2001), Montanari and Saberi (2010) show
that under local interaction (networks), equilibrium selection is fast. Recent work by Kreindler and
Young (2013) demonstrates that even under global interactions, it is possible to derive conditions
on the payoff for the given noise levels and vise versa for which selection is fast (occurs in a finite
time).

The present paper aims to provide a detailed analysis of convergence rates for general stochastic
evolutionary game dynamics in networks. The two convergence rate measures that we characterize
explicitly are the expected waiting time and convergence or selection time. The expected waiting
time measures how long it takes the learning process to exit a given domain or subset of states,
and in particular we will be talking about exiting a given (or subset of) basin of attraction. It is
therefore a measure of medium-run dynamics of the process. The convergence time measures how
fast the process attains its long-run invariant distribution, or equivalently the time scales for which
equilibrium selections results should be considered relevant.

Our characterization of expected waiting times utilizes methods for the concept of hitting time.
Hitting time is a classical concept in the study of finite Markov chains and processes. The decay
rates for hitting times in the case of Markov chains with rare transitions resulting from small
perturbations (as is the case in this paper) is characterized in detail by Freidlin and Wentzell (1984)
and Catoni (1999) using techniques from large deviations theory. Beggs (2005) shows how the
results and concepts developed in Freidlin and Wentzell (1984) and Catoni (1999) can be used to
characterize expected waiting times and equilibrium selection in stochastic evolutionary models.
Beggs (2005) analysis improves on the earlier results by Ellison (1993) on expected waiting times.
Though these papers provide good insights on the nature of hitting times in stochastic evolutionary
processes, their analysis focuses on generic characterizations. Here, we focus on expected waiting
times for stochastic evolution in networks. To be able to fully characterize the effects of various
network topologies, we adopt a simpler model of mistakes, in which the probability of making a
mistake P = 1

m exp(−β), identical for all players, strategies and states. The parameterm is the size
of the action set and β is the parameter of noise, such that the larger β the smaller the probability

2



of mistakes. For β equal to infinity, we have the case of best-response dynamics.
The characterization of convergence time that we provide utilizes methods from the concept of

mixing time. Mixing time is also a traditional concept in finite Markov chains and processes. It
is a measure of the time it takes the chain to attain its invariant distribution. Since long-run or
stochastically stable sets solely depend on the properties of the invariant distribution, mixing time
can thus be employed to characterize the time to selection. The structural bounds for mixing time
of finite Markov chains have been established in the literature (e.g Diaconis and Stroock (1991)
and Sinclair (1992)). Its lower and upper bounds are a function of the second largest eigenvalue of
the associated transition matrix. Diaconis and Stroock (1991) and Sinclair (1992) have established
geometric bounds for the second eigenvalue of the Markov chain transition matrices. These measure
is however computationally demanding for large state space chains. They are also less intuitive in
the case of stochastic evolution in which the interest is to understand how the underlying game,
learning rules and network topology affect the convergence time. Here, we provide bounds for
convergence time in terms of the readily computable and fairly understood concept in the literature
of stochastic evolution; the maximum expected waiting time. The properties we derive for expected
waiting time therefore extend directly to the characterization of convergence time.

By explicitly characterizing bounds for convergence rates, we are able to derive deeper insights
into the role of topologies in stochastic evolution in networks. We establish convergence rates results
for families of deterministic and random networks. We find the key factor of the evolutionary process
to be whether or not a strategy is globally contagious. For a given network topology, an action is
said to be globally contagious if its payoff gain relative to all other actions is such that it requires
only a small fraction of initial adopters to trigger a global cascade to the whole population. Globally
contagious actions are then those with maximum payoff gains and thus form the long-run stable
states. In 2 × 2 matrix games for example, if global contagion is feasible then the risk-dominant
action is the globally contagious one. For given payoff gains, the more sparsely connected a network
is the more likely that an action with the highest pain off gain is globally contagious. For a given
network topology and payoff gains, if global contagion is not feasible then we have the case of
step–by–step evolution.

When global contagion is feasible, then for various families of networks the expected waiting
times from any other closed communication class to the long-run stable closed communication class
are independent of the population size. This result is not particularly surprising as similar findings
were obtained by Ellison (1993) for k-nearest neighbor interactions. The main difference with
Ellison (1993) however is that we provide tighter bounds for expected waiting times independently
of the assumption of vanishing mutation rates. Secondly, we establish this result for a wider range
of networks beyond the k-nearest neighbor interactions. More generally, for networks of the same
family say n-dimensions nearest neighbor interactions or n-dimensions l-max distance interactions,
whenever global contagion is feasible the expected waiting time for highly connected network is
shorter than for sparsely connected networks. This result is not true otherwise. It is also infeasible
to derive such conclusions from analysis in the derivation of expected waiting times heavily relies
on the assumption of vanishing noise.

In the case of convergence times, whenever global contagion is feasible, sparsely connected
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networks tend to have longer convergence time than highly connected networks. In fact, under
these conditions the convergence time for global interactions is shorter than for local interactions.
This is not necessarily true whenever global contagion is not feasible. The underlying reason for
this finding is that convergence time is an increasing function of maximum expected waiting time.
The maximum expected waiting time corresponds to the expected waiting time from the long-run
stable communication class to the least stable communication class. The maximum expected waiting
time for local interactions in which global contagion is feasible is generally greater than for global
interactions.

Whenever global contagion is not feasible, the evolutionary process exhibits a relatively different
behavior hence convergence rates as compared to the case in which it is feasible. Infeasibility of
global contagion implies that there exists intermediate close communication classes induced by the
network topology. These intermediate closed communication classes correspond to states in which at
least two cohesive or close-knit subgroups (definitions according to Morris (2000) and Young (2011))
of players play different actions. Morris (2000); Lee, Szeidl, and Valentinyi (2003); Young (2011)
and Montanari and Saberi (2010) show that the expected waiting times to the long-run stable closed
communication class is finite. An evolutionary process with such intermediate closed communication
classes also relates to the notion of step-by-step evolution according to Ellison (2000), in which it
is demonstrated that under step-by-step evolution the selection process is relatively fast. Here, we
formalize these notions for evolutionary processes in networks using bounds we derive for expected
waiting times and convergence times. Indeed, we find that the convergence time (time to selection)
is shorter when the network topology and payoff gains collectively induce step-by-step evolution
than even the case of global interactions.

Finally, this paper is also related to others in the literature that characterize evolutionary pro-
cesses in random networks using mean field best-response dynamics (e.g. Sandholm (2001); Jackson
and Yariv (2007); Alós-Ferrer and Weidenholzer (2008); Lelarge (2012) and Kreindler and Young
(2013, 2014)). Most of these literature, with the exception of Kreindler and Young (2013, 2014),
focuses on long-run stability rather than convergence rates as we do here. Kreindler and Young
(2013, 2014) derive upper bounds for expected waiting times to long-run stable states and show
that it is independent of the population size as long as the payoff gain is sufficiently large and the
noise level is not too low. Though the analysis we present derives some results that are similar
qualitatively, there are several differences in both methodology and quantitative results. Kreindler
and Young (2013, 2014) focus on sequential dynamics rather than simultaneous as we do, which
implies differences in analytical methods and in turn quantitative results. For example, we find the
the structure of the network to be relevant in determining convergence rates, unlike in Kreindler
and Young (2013, 2014) in which it does not. Moreover, our analysis extends to m × m matrix
games and includes convergence times.

The remainder of the paper is organized as follows. In section 2 we introduce the general
framework of stochastic evolutionary dynamics in networks. Section 3 introduces expected waiting
times, providing its general treatment and computation. Similarly, Section 4 introduces convergence
time. Sections 5 and 6 focus on the characterizations of convergence rates for families of deterministic
and random networks when global contagion is feasible. Section 7 provides a characterization of the
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case in which global contagion is not feasible.

2. The model

We consider a general class of N−person m × m-matrix repeated games. A set of agents
N = {1, · · · , i, · · · , N} are matched repeatedly to play a normal form game Γ. The matching rule
determines whether agents interact with the entire population (global) or a subset of others (social
network). This in turn also determines the information set of players, whether they observe the
entire distribution of strategies in the population or in their local neighborhood. In the case in
which agents are matched with a subset of others, the network of interactions is modeled in graph
theoretic manner. Let G(N , E) be a graph with N vertices representing the number of agents and
E edges linking different pairs of agents, such that a graph gij defines the connection between i

and j. If gij = 1 then a directed link exists from i to j, and zero implies otherwise. G(N , E) is
thus a directed network describing the relationship of any one agent with every other agent in the
population. The adjacency matrix A of G(N , E) is defined as an N ×N matrix with entries being
the elements of gij . The neighborhood of agent i, Ni, is defined as Ni = {j ∈ N|gij = 1}, and gives
the set of players to which i is linked to. The cardinality #Ni = ki, is the degree of i.

The strategy set X = a, b, c, · · · is assumed to be identical for all agents and has cardinality
m. We denote the action chosen by each i ∈ N at period t by xi,t and xt = (x1,t, · · · , xn,t) is the
strategy profile at t. Each xt ∈ X = XN will also be referred to as the population state or simply
the state of the learning process at t.

For each game Γ, let U ∈ Rm×m be the associated payoff matrix such that U(a, b) is the base
payoff to an agent playing a when his opponent plays b. A typical example is the pure coordination
game in Table 1. Given the information set of agent i, that is the observed distribution of strategies
x either of the entire population or of i’s neighborhood, the expected payoff to i from playing action
a when his opponents profile is x−i is then

(1) Ui(a,x−i) =
∑
j∈Ni

JijU(a, xj),

where xj is the jth coordinate of x. The parameter Jij takes on values in the closed interval [0, 1].
For example if agents consider average payoff over their neighbors’ strategies, then Jij = 1

ki
for all

j ∈ Ni.

player j
a b

i a U(a, a) U(a, b)

pl
ay
er

b U(b, a) U(b, b)

Table 1: Payoff structure for the symmetric pure coordination game. The payoffs are for the row-
player.
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2.1. Dynamics and learning scheme

There are two main components that completely describe the learning process; the revision
protocol and choice probabilities. Here, we consider the simultaneous revision protocol. When
a player receives a revision opportunity, he evaluates the current expected payoff to each of the
available pure strategies. A player’s information set is the distribution of strategies of a subset of
other players in the neighborhood. Each player’s objective is to select strategies that he evaluates as
best, this assessment is however subject to random shocks. We adopt a relatively simpler model of
mistakes (hence choice probabilities) to be able to fully capture the effect of the topology of networks
on convergence rates. We assume the probability of making a mistake to be P = 1

m exp(−β),
identical for all players, strategies and states. The parameter m is the size of the action set and
β is the parameter of noise, such that the larger β the smaller the probability of mistakes. For β
equal to infinity, we have the case of best-response dynamics. The choice probabilities are thus of
the form,

(2) Pi(a,x) = (1− ε)BRi(a,x) + 1
m
ε

where ε = exp(−β) and BRi(a,x) is the probability that i plays action a under best-reply dynamics
given the population state x. That is

(3) BRi(a,x) =

 1 if a ∈ arg maxb∈X Ui(b,x−i)
0 otherwise.

This model of mistakes is similar to that in Freidlin and Wentzell (1984), Kandori, Mailath, and
Rob (1993), Young (1993), Catoni (1999) and Beggs (2005) among others. The above dynamics
defines a Markov chain on a finite state space X whose transition matrix Pε is defined by transition
probabilities Pε(x,y),

(4) Pε(x,y) =
n∏
i=1

Pi(yi,x)

2.2. Closed communication classes and basins of attraction

The perturbed Markov chain (X, Pε) has a unique invariant (stationary) distribution πε =
limt→∞ q0P

t
ε, where qt is the vector of probability mass functions at period t. The stationary

distribution describes the amount of time the process spends in each state in the long-run. The
closed communication classes of (X, Pε) are also the closed communication classes of the identical
process (X, P ) without mistakes.1 In the coordination game of Table 1 above for example, the limit
sets include the singleton sets in which all players play strategy A and in which they all play strategy
B. Generally, the limit sets of (X, P ) can include sets that are cycles and those in which players use
different strategies. When the interactions are governed by a social network , the number of closed
communication classes is enhanced. In particular, there will exists singleton closed communication

1A set Ω ⊂ X is a closed communication class of (X, P ) if ∀y ∈ Ω, P(xt+1 ∈ Ω|xt = y) = 1, and that ∀y, z ∈ Ω,
there exists a τ > 0 such that P(xt+τ = z|xt = y) > 0
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classes in which strategies co-exists and different cohesive subgroups adopt different strategies. The
closed communication classes of (X, P ) that results in the long-run depends on the initial state of
the process. We denote the typical limit set of (X, P ) and hence recurrent class of (X, Pε) by Ω,
and by Ω for the set of all such subsets

The basin of attraction ∂Ω of a closed communication class Ω is defined as ∂Ω = {x ∈
X|P(∃T s.t xt ∈ Ω ∀ t > T |x0 = x) = 1}. That is, the set of states from which the chain
without noise converges to Ω. We also write Ω̃ = ∂Ω ∪ Ω and will repeated refer to the process
(Ω, Pε) as a chain with transitions between closed communication classes and (Ω̃, P̃ε) as the chain
with transitions between elements Ω̃. The chains (Ω, Pε) and (Ω̃, P̃ε) have the same dimensions.
We also write P(Ω, ∂Ω′) for the transition probability from some state in the closed communication
class Ω to some state in the boundary of the basin of attraction ∂Ω′.

3. Expected waiting time

In this section, we provide bounds for expected waiting times between closed communication
classes. The results we establish in this section are also crucially relevant for the analysis of conver-
gence times in the next section. The characterization of expected waiting times utilizes the concepts
of hitting time for finite Markov chains. In particular, we make us of Lemma 3.4 in Freidlin and
Wentzell (1984, Chapter 6) and Lemma 4 in Catoni (1999). Before stating the Lemma the following
notations and definitions are necessary.

Given the Markov chain (X, Pε), let W ⊂ X be a subset of X and W c = X \W its complement.
For any oriented graph g ⊂ X × X and any x ∈ X, write g(x) = {y : (x,y) ∈ g} denote the
immediate successors of x. More generally gn(x) =

⋃
y∈gn−1(y) g(x).

Definition 1: Let G(W ) be the set of oriented graphs g ⊂ X×X satisfying

1. for any x ∈ X, #g(x) = 1W c (that is no arrows start from W and exactly on arrow starts
from each state outside of W ),

2. for any x ∈ X, x /∈ Og(x), where Og(x) =
⋃+∞
n=1 g

n(x) is the set of points that can be reached
from x; the orbit of x under g (that is g has no loops).

Definition 2: For any x ∈ X and y ∈W , write

Gx,y(W ) =


{g ∈ G(W ) : y 6∈ Og(x)} if x ∈W c

G(W ) if x = y
∅ if x ∈W \ {y}

That is Gx,y(W ) is the set of graphs g ∈ G(W ) linking x to y. The following Lemma is proved
in Freidlin and Wentzell (1984) and in Catoni (1999).

Lemma 1: Let T (W ) = inf{t ≥ 0 : xt ∈ W} be the first time the chain reaches W . For any
W 6= ∅, any x ∈W c,

(5) E[T (W )| x0 = x] =

 ∑
y∈W c

∑
g∈Gx,y(W∪{y})

Pε(g)

 ∑
g∈G(W )

Pε(g)

−1

where E stands for expectation and Pε(g) =
∏

(y,z)∈g Pε(y, z).
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For x 6= y, the graph Gx,y(W ∪ {y}) is the set of all G(W ) graphs that link x to y. Implies
that if W c is a singleton set, then the component

∑
y∈W c

∑
g∈Gx,y(W∪{y}) Pε(g) on the right hand

side of (5) is equal to one.
The above definitions and Lemma 1 directly extend to the Markov chains (Ω, Pε) and (Ω̃, P̃ε).

That is for (Ω, Pε), Pε(g) =
∏

(Ω,Ω′)∈g Pε(Ω,Ω′) in (5) above, and for (Ω̃, P̃ε)

(6) E[T (W )| Ω̃0 = Ω̃] =

 ∑
Ω̃′∈W c

∑
g∈GΩ̃,Ω̃′ (W∪{Ω̃′})

P̃ε(g)


 ∑
g∈G(W )

P̃ε(g)

−1

for any W 6= ∅, any Ω̃′ ∈W c, where P̃ε(g) =
∏

(Ω̃,Ω̃′)∈g P̃ε(Ω̃, Ω̃′).
A complete characterization of the expected waiting times therefore requires establishing the

structure of the probabilities Pε(Ω,Ω′). First, it is convenient to split the transition Ω → Ω′ into
two transitions, from Ω→ ∂Ω′ and ∂Ω′ → Ω′. Such that

(7) Pε(Ω,Ω′) = P(Ω, ∂Ω′)P(∂Ω′,Ω′)

We refer to the probabilities P(Ω, ∂Ω′) as exit probabilities, in the sense of exiting the basin
of attraction of Ω, and P(∂Ω′,Ω′) as contagion probabilities for the reason that will become clear
below.

3.1. Exit probabilities

The characterization of exit probabilities on the properties of the chain without noise. More
specifically, on the properties of the basins of attractions of closed communication classes. We define
two quantities relating any pair of closed communication classes say Ω and Ω′. The first quantity is
R(Ω, ∂Ω′), the number of mistakes required for the transition from some state x in Ω to another y
in ∂Ω′ to occur under the zero noise chain. Here, R stands for radius. The normalized version of R
is r(Ω, ∂Ω′) = 1

NR(Ω, ∂Ω′). The second quantity is C(Ω, ∂Ω′), the cost of the transition from some
state x in Ω to another y in ∂Ω′ under the chain with noise. The cost is formally given by

(8) C(Ω, ∂Ω′) = −R(Ω, ∂Ω′) ln P = −R(Ω, ∂Ω′)
(
lnm−1 − β

)
We also write c(Ω, ∂Ω′) = 1

NC(Ω, ∂Ω′) for the normalized cost.

Lemma 2: For any pair Ω and Ω′ of closed communication classes,

P(Ω, ∂Ω′) ≈ KN exp
{
−N

(
c(Ω, ∂Ω′) + F (r(Ω, ∂Ω′))

)}
(9)

where F (r) = r ln r − (1− r) ln(1− r).

Proof. See Appendix A.1

3.2. Contagion probabilities

This section is devoted to deriving bounds for contagion probabilities in terms of the parameters
of the network topology and the underlying game. The characterization is based on the notion
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that once the chain enters the boundaries of the basin of attraction, it acquires a quasi-stationary
distribution over the state space of the given basin of attraction. The quasi-stationary distribution
attained places most weight on the corresponding closed communication class. The contagion rate
within a basin of attraction is precisely the rate at which the chain attains its quasi-stationary
distribution. The following notations and definitions are useful in stating the result.

Since P(∂Ω,Ω) increases with the contagion rate R(∂Ω,Ω) from ∂Ω → Ω, we can thus write
P(∂Ω,Ω) = R(∂Ω,Ω)KΩ , where 0 ≤ KΩ ≤ 1 depend on the properties of the process within Ω̃. We
refer to R(∂Ω,Ω) as the contagion rate since the dynamics ∂Ω → Ω is governed by best-response,
hence behaves as though the strategy is spreading contagiously. If an action played in any state
say x in Ω is contagious, then KΩ will be close to one. It is close to zero otherwise. We begin by
characterizing the contagion rate in terms of the parameters of the network structure.

Given the normalized adjacency matrix A associated with the network of interactions, let
ρ(A ) = (λ1, · · · , λN ) be its eigenvalue spectrum ordered in such away that λ1 = 1 ≥ λ2 ≥ · · · ≥ λN .
Denote by Σε for a player’s individual transition matrix given an opponent’s actions. That is let
P(xj |xi) be the probability that a given player plays action xj ∈ X given that his opponent is
playing xi ∈ X in the current period. Then Σε is given by

(10) Σε =


P(x1|x1) P(x2|x1) · · · P(xm|x1)
P(x1|x2) P(x2|x2) · · · P(xm|x2)

...
... . . . ...

P(x1|xm) P(x2|xm) · · · P(xm|xm)


Let also ρ(Σε) = (ϑ1, · · · , ϑm) be the eigenvalue spectrum of Σε. The contagion rate is formally

defined as follows.

Definition 3: For a given basin of attraction say Ω̃ with respective closed communication
class Ω, let νΩ̃ be the quasi-stationary distribution of the chain within Ω̃. Then the contagion
rate R(∂Ω,Ω) within Ω̃ is defined as

R(∂Ω,Ω) = 1− lim sup
t→TΩ̃

∣∣∣∣∣∣P tεqΩ̃ − νΩ̃

∣∣∣∣∣∣ 1t
where TΩ̃ is the period at which νΩ̃ is attained once the chain is in Ω̃, and qΩ̃ is the PMF that

places most weight on the initial state of the chain in Ω̃. The following Proposition provides bounds
for contagion rates.

Proposition 1: The contagion rate R(∂Ω,Ω) within a basin of attraction has the following
bounds

1− λ2(G) ≤ R(∂Ω,Ω) ≤ 1− ϑmλ2(G)

where λ2(G) is the second largest eigenvalue of the normalized adjacency matrix of network G.

Proof. See Appendix A.2

The eigenvalues of Σε, ϑm are functions of the underlying payoff structure and the parameter β.
Such that for large values of β, ϑm tend to one.The quantity 1− λ2(G) is also generally referred to
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as the spectral gap of G. A bound on λ2 can be established through its relationship with the graph
conductance φ(G). We give examples for specific graphs below.
Example: The following relation between second the eigenvalue of a network graph G, λ2(G) and
φ(G) can be derived from Cheeger inequality: See Appendix A.3 for more detail concerning the
relation plus derivations for the following examples.

(11) λ2(G) ≤ 1− φ(G)2

2 .

(i) Complete network (Gcom), a network structure in which every vertex is connected to every
other vertex: λ2(Gcom) ≤ 7

8 .

(ii) 1 − D cyclic network (Gcyc), a network in which vertices are arranged in a circle and every
vertex is connected to two other neighboring vertices: λ2(Gcyc) ≤ N2−2

N2 .

(iii) 2D N × N lattice network (G2D), a lattice structure constructed with periodic boundary
conditions such that each agent is connected to 4 neighbors: λ2(G2D) ≤ 16N2−1

16N2 .

(iv) Random d-regular network (Gd−r), a network structure in which each of the N vertices is
connected to d other vertices chosen at random: λ2(Gd−r) ≤ 7

8 .

(v) Newman’s small world network (Gnsw), a network structure in which the mean shortest-path
between nodes increases sufficiently slowly (logarithmically) as a function of the number of
nodes in the network: λ2(Gnsw) = 1−O

(
c

(lnN)2

)
, where c is a constant.

Proof. See Appendix A.3

In general, densely connected and random networks have higher second largest eigenvalues com-
pared to sparsely connected network. The direct implication of this result, together with the finding
on expected waiting time, is that diffusion of strategic behavior or choices is faster in networks made
up of cohesive subgroups. These cohesive subgroups should be small enough to favor shorter ex-
pected waiting time but large enough and sufficiently connected to favor higher diffusion rate within
them.

Given the bounds for R(∂Ω,Ω), we can then express the contagion probabilities for β sufficiently
large as

(12) P(∂Ω,Ω) ≈ exp {KΩ ln(1− λ2(G))} ,

and together with (9), equality (7) becomes

(13) Pε(Ω,Ω′) ≈ KN exp
{
−N

(
c(Ω, ∂Ω′) + F (r(Ω, ∂Ω′))

)
+ γ(Ω′)

}
where γ(Ω′) = KΩ′ ln(1− λ2(G)).

Theorem 1: For any W 6= ∅, any Ω ∈W

(14) E[T (W c)| x0 ∈ Ω] ≤ KT exp
{

min
g∈G(W c)

ψ(g)− min
Ω′∈W

min
g∈GΩ,Ω′ (W∪{Ω′})

ψg

}
where ψ(g) = N(c(g) + F (r(g))) − γ(g), c(g) =

∑
(Ω,Ω′)∈g c(Ω, ∂Ω′), γ(g) =

∑
(Ω,Ω′)∈g γ(Ω′) and

F (r(g)) =
∑

(Ω,Ω′)∈g F (r(Ω, ∂Ω′)).

10



Proof. See Appendix A.4

Through the analysis that follows we let MW (Ω) = minΩ′∈W ming∈GΩ,Ω′ (W∪{Ω′}) ψ(g), MW =
ming∈G(W c) ψ(g) and HW (Ω) = MW −MW (Ω). From (14), for finite and relatively small values
of β, two factors influence the expected waiting time for evolution in networks. The first is the
radii (resistances) of closed communication classes, which are determined by the underlying payoff
and network topology. The second factor is the spectral property of the underlying network. For
a given model of mistakes and equal basins of attraction, highly connected networks exhibit lower
expected waiting times than sparsely connected networks. This result follows from the discussion
about second largest eigenvalues of graphs above. We elaborate on this point further below for
specific families of networks. As β becomes exceedingly large, the effect of the spectral gap of the
underlying network on the expected waiting time becomes negligible, that is

lim
β→∞

1
β

lnE(T (W c)| x0 ∈ Ω) = N

(
min

g∈G(W c)
r(g)− min

Ω′∈W
min

g∈GΩ,Ω′ (W∪{Ω′})
r(g)

)
= min

g∈G(W c)
R(g)− min

Ω′∈W
min

g∈GΩ,Ω′ (W∪{Ω′})
R(g)

where R(g) =
∑

(Ω,Ω′)∈g R(Ω, ∂Ω′). This is then equivalent to limit results in Beggs (2005). A more
detailed examination of the expected waiting times for various families of networks is performed in
sections that follow. Here, we provide a simple example demonstrating its computation.

3.3. Example

Consider a 3 × 3 matrix coordination game in which there are three singleton closed commu-
nication classes a, b, c. Figure 1 summarizes the transitions among closed communication classes
where the weight on each arrow is the quantity ψ(Ω,Ω′) = N (c(Ω, ∂Ω′) + F (r(Ω, ∂Ω′)))− γ(Ω′).

Corollary 1: Given ψ(Ω,Ω′) for each pair (Ω,Ω′) in Figure 1,

(i) if W = {a,b}, then E(T (W c)| x0 = a) ≤ KT exp (3.33N),

(ii) if W = {a, c}, then E(T (W c)| x0 = c) ≤ KT exp (4.96N).

Proof. When W = {a,b}, the least cost graph linking W to c is a → b → c. Implying that
MW = 3.58. The graph that minimizes MW (a) is a → b, hence MW (a) = 0.25. Implying that
HW (a) = MW −MW (a) = 3.33.

When W = {a, c}, we have {a → b, c → b} to be the least cost graph linking W to b.
Hence MW = 3.58. The graph a → b minimizes MW (c), hence MW (c) = 0.25. Implying that
HW (c) = 4.96. The respective expected waiting times directly follow by substituting forHW (Ω).

4. Convergence time

In this section, we derive bounds for the convergence time as a measure of how fast (slow)
equilibrium selection occurs. We employ the concept of mixing time for finite Markov chains, which
is a fairly well documented concept. Mixing times can be defined in terms of various distance

11
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Figure 1: The weight on each arrow is the quantity N (c(Ω, ∂Ω′) + F (r(Ω, ∂Ω′)))− γ(Ω′)

measures such as Lp-norms, but here we opt for the most intuitive distance measure; the total
variation distance. Total variation distance is a probabilistic measure of the difference between two
distribution. Formally, let ν and π be two probability distributions on the state space X. Then the
total variation distance is defined by

||ν − π||TV = max
χ⊂X
|ν(χ)− π(χ)|.

That is it is the maximum difference between the probabilities assigned to a single event by the two
distributions. Total variation distance can be equivalently expressed as,

(15) ||ν − π||TV = 1
2
∑
x∈X
|ν(x)− π(x)|.

The validity of relation (15) can be demonstrated geometrically using Figure 2. First notice that
both ν and π being probabilistic measures implies that ν(χ∗) is the area under the curve ν but to
the left of the vertical dashed line x = χ∗. Since for both distributions the total area under the curve
is one, it follows that the area of regions A and B are equal. For these two specific distributions
(of Figure 2), the total variation distance between them is thus the area of the region A, which by
symmetry equals the area of region B. The quantity

∑
x∈X |ν(x)− π(x)| in (15) is the area of both

regions A and B, hence the factor of 1
2 in the equality. Relation (15) is essentially true for all forms

of probabilistic distributions.
The convergence time Tc(Pε) of the process Pε is then formally defined as,

(16) Tc(Pε) = min
{
t :
∣∣∣∣∣∣q0P

t′
ε − π

∣∣∣∣∣∣ ≤ $;∀t′ > t
}
,

where q0 is the initial distribution. We also write qt for the distribution at t. For a given initial
distribution, the convergence time is therefore the time it takes the process to get close to its
stationary distribution.

The usual approach in the study of mixing times is to first derive the lower and upper bounds
in terms of the second largest eigenvalue of the transition matrix of the chain. The analysis then
focuses of establishing the properties of the second eigenvalue, which can be done in several ways.

12
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Figure 2: The total variation distance between distributions ν and π.

One technique is by making use of the well known Cheeger’s inequality (Alon, 1986; Aldous, 1987;
Sinclair and Jerrum, 1989; Mohar, 1989). That is if µ2 is the second largest eigenvalue of the Pε,
then

(17) 1− 2φ(Pε) ≤ µ2 ≤ 1− φ(Pε)2

2

where φ(Pε), the conductance of Pε, is given by φ(Pε) = min
W⊂X∑

x∈W π(x)≤ 1
2

φ(Pε,W ). And,

(18) φ(Pε,W ) = 1∑
x∈W

π(x)
∑

x∈W

∑
y∈W c

π(x)Pε(x,y).

The second technique involves the use of the concept of multicommodity flows. The details of
both of these characterizations can be found in Diaconis and Stroock (1991) and Sinclair (1992).
These characterizations are however not readily computable for large state space Markov chains.
Moreover, they are not directly intuitive with respect to how the underlying game and network
affect convergence rates. Here, we express the upper bounds for convergence time in terms of the
maximum expected waiting time. This enables us to directly apply some of the well known results
on expected waiting times for stochastic evolutionary processes, together with what we established
in Section 3 above, to the analysis of convergence time. It also ensures that we can focus on the
properties of the reduced Markov chain (Ω̃, P̃ε) rather than the original cumbersome chain. The
following theorem establishes the upper bound for the convergence time.

Theorem 2: For any W 6= ∅, any Ω̃ ∈W and Ω̃′ ∈W c, let T = maxΩ̃,Ω̃′ E[T (Ω̃′)| x0 ∈ Ω̃]. Let
also π̃ be the stationary distribution of P̃ε. Then the convergence time Tc is bounded from above by

(19) Tc ≤
Kc

2π̃2
max

(
ln π̃−1

min + ln(2$)−1
)

T

where Kc is some constant, π̃min = minΩ̃∈Ω̃ π̃(Ω̃) and π̃max = maxΩ̃∈Ω̃ π̃(Ω̃).
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Proof. A detailed proof is provided in Appendix A.5 whose sketch is as follows. The proof focuses
on the dynamics of the reduced chain (Ω̃, P̃ε) . The first step involves showing that

(20) Tc ≤
1

ln µ̃2

(
ln π̃−1

min + ln(2$)−1
)
≈ 1

1− µ̃2

(
ln π̃−1

min + ln(2$)−1
)

where µ̃2 is the second largest eigenvalue of the P̃ε. The approximation is valid for values of µ̃2 close
to one, which is true for the type of dynamics we considered in this paper (a consequence of small
perturbations). Inequality (20) appears in the literature of finite Markov chains in closely related
forms (e.g. Diaconis and Stroock (1991)).

The next step of the proof is then to show that

(21) 1
1− µ̃2

≤ Kc

2π̃2
max

T

The right hand side of (21) follows from a set of Theorems from Bremaud (1999) and Takacs (2006).
More specifically, as a corollary of Takacs (2006, Theorem 1.2 and Proposition 3.1), the expected
waiting time between any two given subsets say Ω̃ and Ω̃′ is given by

(22) E(T (Ω̃′)| x0 ∈ Ω̃) =
#Ω̃∑
k=2

1
1− µ̃k

(
ṽ2

Ω̃′(k)− ṽΩ̃(k)ṽΩ̃′(k)
)

where ṽ(k) is the eigenvector corresponding to µ̃k, such that ṽl(k) is the lth element of ṽ(k). We
thus have that

T = max
Ω̃,Ω̃′

E(T (Ω̃′)| x0 ∈ Ω̃) = max
Ω̃,Ω̃′

#Ω̃∑
k=2

1
1− µ̃k

ṽΩ̃′(k)
(
ṽΩ̃′(k)− ṽΩ̃(k)

)
(23)

We can then exploit the properties of the eigenvectors of finite state Markov chains. The eigenvector
corresponding to the first eigenvalues (first eigenvector) is an all one vector. The other remaining
eigenvectors can be used to detect (or partition the state space into) almost invariant subsets (e.g.
Froyland (2005) and Billings and Schwartz (2008)). This concept is familiar in the literature of
cluster detection. More generally, the second eigenvector can be used to partition the chain into
two almost invariant subsets, the third eigenvector separates the chain into three almost invariant
subsets, and so forth. The eigenvector corresponding to the #Ωth eigenvalue of Pε and P̃ε therefore
partitions the chain into #Ω almost invariant subsets, which are basically the respective basins of
attraction.

The detection process proceeds by identifying the minima (regions of negative values) and max-
ima (peaks and regions of positive values) of the eigenvectors. The second eigenvector therefore has
one maximum and one minimum. Since the maximum of the right hand side of (23) occurs when
the differences ṽΩ̃′(k)− ṽΩ̃(k) are maximum, we can thus approximate maxΩ̃,Ω̃′

(
ṽΩ̃′(k)− ṽΩ̃(k)

)
≈

2 maxΩ̃∈Ω̃ ṽΩ̃(k) for all k ≥ 2. Note that each point of Ω̃ for which ṽ(k) attains its minima
and maxima are also those at which the stationary distribution π̃ attains its maxima. It fol-
lows that there exist constants Kk for k ≥ 2 such that maxΩ̃∈Ω̃ |ṽΩ̃(2)| = K2 maxW⊂Ω̃ π̃(W ), · · · ,
maxΩ̃∈Ω̃ |ṽΩ̃(#Ω̃)| = K#Ω̃ maxΩ̃∈Ω̃ π̃(Ω̃). Since maxW⊂Ω̃ π̃(W ) ≥ · · · ≥ maxΩ̃∈Ω̃ π̃(Ω̃) = π̃max, we
then have that

T = max
Ω̃,Ω̃′

#Ω̃∑
k=2

1
1− µ̃k

ṽΩ̃′(k)
(
ṽΩ̃′(k)− ṽΩ̃(k)

)
≥ 2K#Ω̃π̃

2
max

#Ω̃∑
k=2

1
1− µ̃k

≥ 2K#Ω̃π̃
2
max

1
1− µ̃2

(24)
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Substituting for T in (20) then completes the proof, where Kc = 1
K#Ω̃

.

Theorem 2 establishes an upper bound for the convergence time in terms of the measure of the
reduced chain, the minimum and maximum values of the stationary distribution and the maximum
expected waiting time. An explicit characterization of the stationary distributions for finite state
Markov chains is performed by Freidlin and Wentzell (1984) and Catoni (1999). More generally, for
each Ω̃ ∈ Ω̃,

(25) π̃(Ω̃) =

 ∑
g∈G({Ω̃})

P̃ε(g)

 ∑
Ω̃′∈Ω̃

∑
g∈G({Ω̃′})

P̃ε(g)

−1

where P̃ε(g) =
∏

(Ω̃,Ω̃′)∈g P̃ε(Ω̃, Ω̃′). From the definition of G(W ) graphs above, G({Ω̃}) is the set of
all spanning trees in which there exists a unique directed path from every Ω̃′ 6= Ω̃ to Ω̃, also known
as Ω̃-trees. The probability P̃ε(Ω̃, Ω̃′) = P(∂Ω̃, Ω̃)P(Ω̃, ∂Ω̃′), and by making use of (12) and (9),

P̃ε(Ω̃, Ω̃′) = KN exp
{
−N

(
c(Ω, ∂Ω′) + F (r(Ω, ∂Ω′))

)
+ γ(Ω)

}
,

such that

(26) 1
π̃(Ω̃)

≤ Kπ exp
{
ϕ(Ω̃)

}
where

ϕ(Ω̃) = min
g∈G({Ω̃})

(N [c(g) + F (r(g))]− γ(g))− min
Ω̃′∈Ω̃

min
g∈G({Ω̃′})

(N [c(g) + F (r(g))]− γ(g))

and Kπ is a constant.
From (26) it follows that the long-run stable state or subset (corresponding to π̃max) lies in the

basin of attraction Ω̃∗ for which ϕ(Ω̃∗) = 0. The state or subset corresponding to π̃min is that for
which ϕ(Ω̃) is maximum. The following Corollary demonstrates how to compute convergence times.

Corollary 2: Consider the an evolutionary process for which the values of the quantity N [c(Ω, ∂Ω′)+
F (r(Ω, ∂Ω′))]− γ(Ω) are as depicted in Figure 3. Then

Tc ≤ κ1 (κ2 + 4.38N) exp(4.96N),

where κ1 = 1
2KcKTK

2
π and κ2 = ln(2Kπ)− 1 are universal constants.

Proof. To compute the maximum and minimum values for the stationary distributions, we need to
identify and compute the values of the minimum and maximum cost Ω̃-tree. From Figure 3, the
least cost tree is the b̃-tree {ã → b̃, c̃ → b̃}, making b the long-run stable state (which in this
specific case also corresponds to the stochastically stable state). The respective total cost of b̃-tree
is 2.02. The maximum cost tree is the ã-tree with cost of 6.4, such that ϕ(ã) = 6.4− 2.02 = 4.38.
Hence π̃−1

min ≤ Kπ exp(4.38N).
The maximum expected waiting time corresponds to the hitting time of the path W = {b, c} →

{a} such that the maximum MW = 1.63 + 4.96 = 6.59 and MW (c) = 1.63. Implying that T ≤
KT exp(4.96N). Substituting for π̃−1

min, T and π̃−1
min ≤ Kπ yields the result.
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Figure 3: The weight on each arrow is the quantity N (c(Ω, ∂Ω′) + F (r(Ω, ∂Ω′)))− γ(Ω)

5. Deterministic networks

In this section, we focus on stochastic evolution in deterministic networks. We start by consid-
ering the case in which strategies can spread through contagion once threshold adoption levels are
attained. An action is said to be globally contagious if it can spread to the entire population through
best-response once it has been adopted by a small subgroup of players. The focus of analysis in this
section is on 2× 2 matrix games with the general structure in Table 1 above and the case in which
players care about the average payoffs. The most relevant quantity of any given matrix game for
the dynamics specified above is the relative payoff gains, which for the game in Table 1 is given by

(27) ηba = U(b, b)− U(a, b)
U(b, b)− U(a, b) + U(a, a)− U(b, a)

and ηab = 1 − ηba. That is ηba is the fraction of neighbors that each player requires to play a for
that player to do likewise and vise versa for ηab. We write dme fo the smallest integer not less than
m such that for each i ∈ N with respective degree ki, the quantity dηbakie is the minimum number
of neighbors i requires to play a for i to do likewise.

For any given network, there exists a payoff structure and hence values of relative payoff gains
ηab’s for which contagion is feasible. The maximum values of relative payoffs for which contagion
is feasible are called contagion thresholds (Morris, 2000). If η∗ is the the contagion threshold for a
given network topology, then any action say a for which ηba < η∗ for all b, will be contagious. Morris
(2000) provides an explicit characterization of contagion threshold for various families of networks,
two of which we study below. Lelarge (2012) derives similar conditions for random networks. If the
conditions for contagion are not satisfied, then the dynamic process will exhibit additional multiple
closed communication classes induced by the network structure. We treat this case in a separate
Section 7below.

5.1. n-dimensions nearest neighbor interactions

This family of networks includes as example the line and circle networks as 1-dimensional lattices,
and the 2-dimension lattice of Figure 4. Morris (2000) shows the contagion threshold for such

16



Figure 4: A 2-dimensions nearest neighbor interactions network.

networks to be 1
2n . Implying that in 1-dimension lattice networks if ηab < 1

2 for all a 6= b, then b
is a contagious action. Similarly for 2-dimensional lattice networks, if ηab < 1

4 for all a 6= b then b
is a contagious action. And so forth. The following proposition provides convergence rates for this
family of networks.

Proposition 2: Let the underlying game be 2× 2 matrix game of Table 1 and let the updating
rule be the uniform error probabilities. Let the topology of interactions be an n-dimensions nearest
neighbor interactions network Gn and that ηab < 1

2n . Then for sufficiently large N ,

(i) the expected waiting times are;

(28) E[T (b)|x0 = a] ≤ KT

2 exp {β − ln(1− λ2(Gn))}

(29) E[T (a)|x0 = b] ≤ KT exp
{
N(β − ln 2−1)

}
(ii) the convergence time is given by

(30) Tc ≤ κ1
(
κ2 + (N − 1)(β − ln 2−1)− ln(1− λ2(Gn))

)
exp

{
N(β − ln 2−1)

}
,

where κ1 = KcKTK
2
π and κ2 = ln(2Kπ)− 1 are universal constants.

Proof. For each n-dimensions nearest neighbor interactions network Gn if an action say b is conta-
gious in which case ηab < 1

2n , then each player i requires only one of their neighbor to play b for i to
do likewise. Implying that a transition from a to the boundaries of the basin of attraction ∂b of b
can be triggered by one player. Such that r(a, ∂b) = 1

N . Similarly, the transition b→ ∂a requires
all players to simultaneously switched to playing a, since each player requires at least 1

2n of their
neighbors to play a if they are to do likewise. Hence r(a, ∂b) = 1.

For m = 2, P = 1
2 exp(−β) such that ln(P) = −β+ ln 2−1. We then have the expected waiting

times to be,

E[T (b)|x0 = a] ≤ KT exp
{
N

( 1
N
β − 1

N
ln 2−1 + F ( 1

N
)
)
− ln(1− λ2(Gn))

}
= KT

2 exp {β − ln(1− λ2(Gn))}(31)
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where we have used Kb = 1 since b is globally contagious.

(32) E[T (a)|x0 = b] ≤ KT exp
{
N
(
β − ln 2−1 + F (1)

)}
= KT exp

{
N(β − ln 2−1)

}
where Ka = 0 since a is not globally contagious. In the case of convergence time, we need compute
the minimum and maximum values of the stationary distribution for subsets Ω̃, and the maximum
expected waiting time. From the above expressions of expected waiting, if β is sufficiently large
(small noise) then T = E[T (a)|x0 = b] ≤ KT exp

{
N(β − ln 2−1)

}
.

For the transition ∂a → a we have P(∂a,a) ≈ 1 since all players have to simultaneously switch
to play a for the transition b→ ∂a to occur. We then have

P̃ε(ã, b̃) ≈ P(∂a,a)P(a, ∂b) ≈ P(a, ∂b)

≤ exp
{
−N

( 1
N
β − 1

N
ln 2−1 + F ( 1

N
)
)}

= Kp exp
{
−(β − ln 2−1)

}
.(33)

P̃ε(b̃, ã) ≈ P(∂b,b)P(b, ∂a)

≤ exp
{
−N(β − ln 2−1) +Kb ln(1− λ2(Gn))

}
.(34)

where we can let Kb = 1 as b is globally contagious. Since for β sufficiently large β − ln 2−1 <(
N(β − ln 2−1)−Kb ln(1− λ2(Gn))

)
, the long-run stable basin of attraction is then b̃ and hence

the long-run stable state is b. Implying that ϕ(b̃) = 0 and ϕ(ã) = N(β− ln 2−1)− ln(1−λ2(Gn))−
(β − ln 2−1) = (N − 1)(β − ln 2−1)− ln(1− λ2(Gn)). Such that

(35) 1
π̃max

≡ 1
π̃(b̃)

≤ Kπ

(36) 1
π̃min

≡ 1
π̃(ã) ≤ Kπ exp

{
(N − 1)(β − ln 2−1)− ln(1− λ2(Gn))

}
Hence ln π̃−1

min = lnKπ + (N − 1)(β − ln 2−1)− ln(1− λ2(Gn)). Substituting for T , π̃min and π̃max

into the expression for Tc yields the result.

Proposition 2 demonstrates how the network topology plays a critical role in shaping convergence
rates. Unlike in the case of global interactions, local interactions reduce the expected waiting time
to and increase the exit time from the long-run stable set. This finding is not entirely surprising as
it has also been shown for the case of 1-dimension nearest neighbor interactions network by Ellison
(1993). Proposition 2 however provides tighter bounds for general n-dimensions nearest neighbor
interactions family of networks and does not rely on the assumption of vanishing noise for the proof
as in Ellison (1993).

Proposition 2 also provides an upper bound for the convergence time for n-dimensions nearest
neighbor interactions family of networks. From (30), it follows that for any to networks in this
family say Gn and Gn′ with n > n′, if the relative payoff gains for both networks is such that
ηab < η∗ then the convergence time for Gn is greater than that for Gn′ . This argument derives
from the fact that when n > n′ then λ2(Gn) > λ2(Gn′). The result underscores the importance
of high connectivity in enhancing high convergence rates. This however is not necessarily the case
when ηab > η∗, in which case global contagion is not feasible. We treat this special case as that of
step-by-step evolution in Section 7 below.
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5.2. n-dimensions l-max distance interactions

The second family of networks we consider is the n-dimensions l-max distance interactions. That
is given an n-dimensional lattice network, each player interacts with all players who are within the
distance of l steps away in all directions. See Figure 5 for the case of n = 2 and l = 1. Morris
(2000) provides general expressions for contagion thresholds for this family of networks. We focus
on the case of n = 2 for various values of l. In this special case the contagion thresholds are given
by η∗ = l(2l+1)

(2l+1)2−1 for l = 1, 2, 3, · · · . It follows by inspection that if ηab = η∗ then

(37) r(a, ∂b) = 2l(2l + 1)
N

for l = 1, 2, · · ·

See for example the case of n = 2 and l = 1 in Figure 5 where r(a, ∂b) = 6
N . Relation (37) is

valid so long as ηab = η∗ and that l < 1
2
√
N . The quantity

√
N is the length and width of the

2-dimensional lattice. It follows that for ηab < η∗, r(a, ∂b) < 2l(2l+1)
N . The following proposition is

for the case when ηab = η∗.

1

Figure 5: The 2-dimensions 1-max distance interactions.

Proposition 3: Let the underlying game be 2× 2 matrix game of Table 1 and let the updating
rule be the uniform error probabilities. If the topology of interactions is the 2-dimensions l-max
distance interactions G2,l and that ηab = η∗ then:

(i) the expected waiting times are;

(38) E[T (b)|x0 = a] ≤ KT exp {H(b)}

where H(b) = 2l(2l + 1)(β − ln 2−1) +NF
(

2l(2l+1)
N

)
− ln(1− λ2(G2,l)).

(39) E[T (a)|x0 = b] ≤ KT exp
{
N(β − ln 2−1)

}
(ii) the convergence time is given by

(40) Tc ≤ κ1 (κ2 + ϕ(ã)) exp
{
N(β − ln 2−1)

}
,

where ϕ(ã) = (N − 2l(2l + 1)) (β − ln 2−1)−NF
(

2l(2l+1)
N

)
− ln(1− λ2(G2,l)).
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Proof. First note that when ηab ≥ η∗, r(b, ∂a) ≈ 1 for all l = 1, 2, · · · . By following the same steps
as in the proof of Proposition 2, we have that

E[T (b)|x0 = a] ≤ KT exp
{
N

(2l(2l + 1)
N

(β − ln 2−1) + F

(2l(2l + 1)
N

))
− ln(1− λ2(Gn))

}
= KT exp

{
2l(2l + 1)(β − ln 2−1) +NF

(2l(2l + 1)
N

)
− ln(1− λ2(G2,l))

}
(41)

(42) E[T (a)|x0 = b] ≤ KT exp
{
N
(
β − ln 2−1 + F (1)

)}
= KT exp

{
N(β − ln 2−1)

}
Similarly, for ηab = η∗, b is the long-run stable state and hence 1

π̃max
≡ 1

π̃(b̃) ≤ Kπ, and

1
π̃min

≡ 1
π̃(ã) ≤ Kπ exp {ϕ(ã)}

where

ϕ(ã) =
(
N(β − ln 2−1)− ln(1− λ2(G2,l))

)
−
(

2l(2l + 1)(β − ln 2−1) +NF

(2l(2l + 1)
N

))
= (N − 2l(2l + 1)) (β − ln 2−1)−NF

(2l(2l + 1)
N

)
− ln(1− λ2(G2,l))

Substituting for 1
π̃min

and 1
π̃min

as in the proof of Proposition 2 yields the desired result.

The n-dimensions l-max distance interactions networks present a good example of effect of
progressively increasing information sets of players. That is starting from players observing only
actions of the other players one step away, then two steps away, and so forth. As l (information
set) increases the expected waiting time to the long-run stable state increases, but the convergence
time decreases. As l increases the network and hence the convergence rates tend to that of global
interactions. It is easy to show the convergence time for global interactions when ηab < ηba to be

(43) Tc ≤ κ1
(
κ2 + (1− 2ηab)(N − 1)

(
β − ln 2−1

))
exp

{
N
(
ηba(β − ln 2−1) + F (ηba)

)}
,

which by comparison is less than the convergence time for 2-dimensions l-max distance interactions
in (40) whenever l < 1

2
√
N . In fact, the convergence time for global interactions in (43) is smaller

than that for n-dimensions nearest neighbor interactions network (cf. in Proposition 2) as well. The
general result is then that the convergence time for under global interactions is less than that under
local interactions whenever global contagion is feasible.

6. Random networks

Most real world networks assume complex structures. Several authors have proposed various
ways to capture the properties of such networks e.g. clustering coefficient and degree distribution.
For our purpose, the degree distribution is the most suitable for capturing the effect of network
topology on the convergence rates. The degree distribution P = {p(k)}k≥0 describes the number of
agents in the population with a given degree. We denote by 〈k〉 for average degree. The following
definitions related to the degree distribution are useful for the results that follow.

Definition 4: Let G and G′ be two networks with respective degree distributions P and P ′.
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(i) A degree distribution P is said to first order stochastically dominate (FOSD) P ′ if
∑K
k=0 p(k) ≤∑K

k=0 p
′(k) for 1 ≤ K ≤ ∞. Or for any non-decreasing function f : R→ R,

∞∑
k=0

f(k)p′(k) ≤
∞∑
k=0

f(k)p(k).

(ii) A degree distribution P is said to second order stochastically dominate (SOSD) P ′ if for any
non-decreasing concave function f : R→ R,

∑∞
k=0 f(k)p′(k) ≤

∑∞
k=0 f(k)p(k).

(ii) A degree distribution P is said to be a mean preserving spread (MPS) of P ′ if P ′ SOSD P

and that both have the same mean.

The following proposition provides the relationship between degree distributions and convergence
rates.

Proposition 4: Let G and G′ be two networks with respective degree distributions P and P ′

and let the underlying game be 2 × 2 matrix game of Table 1 with ηab < 1
2 . We write EG for the

expected value under network topology G and Tc(G) for convergence time under G

(i) if P FOSD (or SOSD) P ′, then EG[T (b)|x0 = a] ≥ EG′ [T (b)|x0 = a]

(ii) if P MPS P ′ or P ′ FOSD P , then Tc(G) ≤ Tc(G′)

Proof. (i). For a given value of ηab < 1
2 , the quantity r(a, ∂b) is an increasing function of network

connectivity. This is clearly evidenced in the analysis of deterministic networks of Section 5. For
example under 1-dimensions nearest neighbor interactions network r(a, ∂b) = 1

N while under global
interactions r(a, ∂b) ≈ ηab. We thus write r(a, ∂b) := f(〈k〉), where f is an non-decreasing function
in 〈k〉. Since P FOSD (or SOSD) P ′ implies that 〈k〉 ≥ 〈k′〉, it follows that rG(a, ∂b) under
G is greater than rG′(a, ∂b) under G′. Since P is identical in both cases, EG[T (b)|x0 = a] ≥
EG′ [T (b)|x0 = a].

(ii). When ηab < 1
2 , all players for whom dηbakie ≥ ki require all their neighbors to switch to a

for them to do likewise. Denote by Nba(G) for the subset of players for whom dηbakie ≥ ki given
the network G. That is

Nba(G) = {i ∈ N : dηbakie ≥ ki}.

Let k̄a be an integer such that all i for whom ki ≤ k̄a belong to Nba(G). Write Nba(G) for the
cardinality of Nba(G), that is Nba(G) = N

∑k̄a
k=0 p(k) . For a given network, hence k̄a, Nba(G) is a

non-increasing function of average degree 〈k〉. That is Nba(G) := f(〈k〉) where f is non-increasing
in 〈k〉. For P FOSD (or SOSD) P ′, Nba(G) ≤ Nba(G′), and since rG(b, ∂a) is an increasing function
of Nba(G) then

rG(b, ∂a) ≤ rG′(b, ∂a).

It then follows that for a given P hence β, EG[T (a)|x0 = b] ≤ EG′ [T (a)|x0 = b]. Note also
that for a given network say G, EG[T (a)|x0 = b] ≥ EG[T (b)|x0 = a] whenever ηab < 1

2 . Such
that the maximum expected waiting time for G and G′ are EG[T (a)|x0 = b] and EG′ [T (a)|x0 = b]
respectively. Consequently TG ≤ TG′ .
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We then need to establish the relationships for the minimum and maximum values of the station-
ary distributions. First note that since b̃ is the long-run stable subset and hence b is the long-run
stable state, 1

π̃max
≡ 1

π̃(b̃) ≤ Kπ for both networks. We then have that for each network,

1
π̃min

≡ 1
π̃(ã) ≤ Kπ exp {ϕG(ã)}

where

ϕG(ã) =
[
NcG(b, ∂a) +NF (rG(b, ∂a))− ln(1− λ2(G))

]
−
[
NcG(a, ∂b) +NF (rG(a, ∂b))

−Ka ln(1− λ2(G))
]

= N

[
rG(b, ∂a)− rG(a, ∂b)

]
(β − ln 2−1) +N

[
F (rG(b, ∂a))− F (rG(a, ∂b))

]
−
[
(1−Ka) ln(1− λ2(G))

]
where we have again taken Kb = 1, and Ka < 1. Similarly,

ϕG′(ã) = N

[
rG′(b, ∂a)− rG′(a, ∂b)

]
(β − ln 2−1) +N

[
F (rG′(b, ∂a))− F (rG′(a, ∂b))

]
−
[
(1−Ka) ln(1− λ2(G′))

]
Since rG(b, ∂a) ≤ rG′(b, ∂a) and rG(a, ∂b) ≥ rG′(a, ∂b), it follows that

rG(b, ∂a)− rG(a, ∂b) ≤ rG′(b, ∂a)− rG′(a, ∂b)

Similarly, since P MPS P ′ or P ′ FOSD P implies that (1 − λ2(G′)) ≤ (1 − λ2(G)) and hence
− ln(1 − λ2(G′)) ≥ − ln(1 − λ2(G)). It then follows that ϕG(ã) ≤ ϕG′(ã), consequently Tc(G) ≤
Tc(G′)

The result in Proposition 4 supplements that for deterministic networks above. That is, the
expected waiting times to the long-run stable set is shorter for sparsely connected than highly
connected networks. Similarly, the convergence time is longer for sparsely connected than highly
connected networks. The method of characterization is however complementary. Several authors
have characterized the effect of network topologies on individual behavior and payoff in terms
of degree distributions and using stochastic dominance relations (e.g Jackson and Yariv (2007)).
Proposition 4 provides similar characteristic analysis but for convergence rates, such that once the
degree distributions of any two networks is known, then a comparative analysis of convergence rates
can be performed.

7. Step-by-step evolution

When global contagion is not feasible, that is when ηab > η∗ for any pair of actions a 6= b,
the network enhances the number of closed communication classes. Take for example the case of
2-dimensions nearest neighbor interactions network, if both ηab > η∗ and ηba > η∗ then global
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contagion is not feasible. Under this condition, if ηab < ηba then all states in which one or more
enclaves of four players all play b become closed communication classes. To get from an all a state
to an all b state, the chain goes through these intermediate closed communication classes induced
by the network topology. It may seem at first that the presence of such intermediate states will
lead to slow convergence rates when compared to making direct transition say from a→ b. On the
contrary however, these intermediate states do speed-up evolution between closed communication
classes induced by the payoff structure. This phenomenon was referred to as step-by-step evolution
by Ellison (2000). Below, we use a specific example to illustrate the convergence rates in step-by-step
evolution.

We consider a set of eight agents whose interactions are governed by the network topology in
Figure 6, and playing a pure coordination game in Table 1. The network can be divided into
two cohesive subgroups g1 = {1, 2, 3, 4, 5} and g2 = {6, 7, 8, 9, 10}. A player i belongs to a given
cohesive subgroup if and only if at least half of i’s interactions are with members of that subgroup.
The contagion threshold for this network is 1

3 . That is if ηab ≤ 1
3 then starting from a, global

contagion to be occurs when at least one player (from any of the subgroups) plays b Hence for
ηab ≤ 1

3 , r(a, ∂b) = 1
10 . When 1

3 < ηab <
1
2 , global contagion is no longer feasible, though local

contagion (within cohesive subgroups) can occur. We use this situation to demonstrate the rates
of convergence under step-by-step evolution. For 1

3 < ηab <
1
2 , there are two additional closed

communication classes to a and b; a1 and a2 in which all members of g1 play a while those in g2

all play b and vise versa for a2.

10

6

2

5

4

3

1

g1 g2

9

8

7

Figure 6: A general network with two cohesive subgroups

Corollary 3: Let the underlying game be 2 × 2 matrix game of Table 1 with 1
3 < ηab <

1
2 .

Let the updating rule be the uniform error probabilities, and the topology of interactions be that in
Figure 6. Then
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(i) the expected waiting times are;

(44) E[T (b)|x0 = a] ≤ KT exp {2β − 3.6}

(45) E[T (a)|x0 = b] ≤ KT exp {4(β − 1)}

(ii) the convergence time is given by

(46) Tc ≤ κ1 (κ2 + ϕ(ã)) exp {4(β − 1)} ,

where ϕ(ã) = 4β − 0.8.

Proof. For 1
3 < ηab <

1
2 , the normalized radii are as follows: r(a, ∂b) = 4

10 (two players from g1

and g2 play b), r(b, ∂a) = 8
10 (four players from g1 and g2 play b), r(a, ∂a1) = 2

10 = r(a, ∂a2),
r(b, ∂a1) = 4

10 = r(b, ∂a2), r(a1, ∂a) = 4
10 = r(a2, ∂a), r(a1, ∂b) = 2

10 , r(a2, ∂b) = 1
10 , r(a1, ∂a2) =

6
10 and r(a2, ∂a1) = 5

10 . Figure 7 plots the quantity c(Ω, ∂Ω′) + F (r(Ω, ∂Ω′)) for β = 5

1.6
a1

a2a

b

0.64

4.05

1.6

0.24
2.15

2, 74

0.64

0.64

1.6

1.6

1.6

Figure 7: Each arc’s weight is the quantity c(Ω, ∂Ω′) + F (r(Ω, ∂Ω′)) for β = 5.

(i). The expected waiting time from a to b is equivalent to letting W = {a,a1,a2} and W c =
{b}, then computing E[T (W c)|x0 = a]. The least cost tree from a to W c is {a→ a2 → b,a1 → b}
and {a1 → b,a2 → b} minimizes MW (a). Such that Mw and MW (a) are respectively

MW = [c(a, ∂a2) + F (r(a, ∂a2))] + [c(a2, ∂b) + F (r(a2, ∂b))] + [c(a1, ∂b) + F (r(a1, ∂b))]

MW (a) = [c(a1, ∂b) + F (r(a1, ∂b))] + [c(a2, ∂b) + F (r(a2, ∂b))]

Hence,
HW (a) = MW −MW (a) = c(a, ∂a2) + F (r(a, ∂a2)) = 1

5β − 0.36
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Implying that E[T (W c)|x0 = a] ≤ KT exp
{

10
(

1
5β − 0.36

)}
= KT exp {(2β − 3.6)}. Where the

factor of 10 is the number of agents.

The expected waiting from b to a is equivalent to letting W = {b,a1,a2} and W c = {a},
then computing E[T (W c)|x0 = b]. The least cost tree from b to W c is {a2 → b → a1 → a} and
{a2 → b→ a1} minimizes MW (b). Such that Mw and MW (b) are respectively

MW = [c(a2, ∂b) + F (r(a2, ∂b))] + [c(b, ∂a1) + F (r(b, ∂a1))] + [c(a1, ∂a) + F (r(a1, ∂a))]

MW (a) = [c(a2, ∂b) + F (r(a2, ∂b))] + [c(b, ∂a1) + F (r(b, ∂a1))]

Hence,
HW (a) = MW −MW (a) = c(a1, ∂a) + F (r(a1, ∂a)) = 2

5β − 0.36

Implying that E[T (W c)|x0 = b] ≤ KT exp
{

10
(

2
5β − 0.4

)}
= KT exp {4 (β − 1)}.

(ii). The maximum expected waiting time is for the transition from b to a, hence T ≡
E[T (W c)|x0 = b] ≤ KT exp {4 (β − 1)}. Since b is the long-run stable state, then 1

π̃max
≡ 1

π̃(b̃) ≤ Kπ.
Also, {a2 → b → a1 → a} is the least cost tree for G({a) and {a → a2 → b,a1 → b} for G({b).
Such that

1
π̃min

≡ 1
π̃(ã) ≤ Kπ exp {ϕG(ã)}

where

ϕG(ã) = 10
{

[c(a2, ∂b) + F (r(a2, ∂b))] + [c(b, ∂a1) + F (r(b, ∂a1))] + [c(a1, ∂a) + F (r(a1, ∂a))]

− [c(a, ∂a2) + F (r(a, ∂a2))] + [c(a2, ∂b) + F (r(a2, ∂b))] + [c(a1, ∂b) + F (r(a1, ∂b))]
}

= 10
{[4

5β − 0.8
]
−
[2

5β − 0.72
]}

= 10
{2

5β − 0.08
}

(47)

Corollary 3 underscores the role played by intermediate closed communication sets induced by
the topology of the network in increasing convergence rates. If the chain is to be restricted to the
direct transition from a to b rather than through intermediate closed communication sets, then the
expected waiting time would be

E[T (b)|x0 = a] ≤ KT exp
{

10
( 4

10
(
β − ln 2−1

)
+ F

( 4
10

))}
= KT exp {4(β − 1)}

which is greater than the expected waiting time in (44) for the case with intermediate limit states.
A similar argument follows for E[T (a)|x0 = b].

In comparison to the case in which the 10 players interact globally, from (43) we have

(48) Tc ≤ κ1
(
κ2 + 9(1− 2ηab)

(
β − ln 2−1

))
exp

{
10
(
ηba(β − ln 2−1) + F (ηba)

)}
,
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Such that for 1
3 < ηab <

1
2 , which is equivalent to 1

2 < ηba <
2
3 , Tc in (48) is greater than Tc in (46)

for β sufficiently large. Unlike in the case of local interactions in which global contagion is feasible
above, for local interactions with step-by-step evolution the convergence time is shorter than under
global interactions. Clearly, the presence of cohesive subgroups reduces the convergence time and
this result generalizes to all networks with cohesive subgroups. The intuition behind the result
is that the presence of intermediate closed communication classes reduces the resistance (sizes of
basins of attraction) hence the minimum exit time for all closed communication classes involved,
including the long-run stable set. This effectively reduces the expected waiting time between any
pair of closed communication classes, hence the time it takes the chain to mix.

8. Concluding remarks

This paper studies extensively the convergence rates for stochastic evolution in networks. We
identify the payoff gains, noise level and network topology to be the key factors. Unlike previous
analysis in the literature that focused on limit noise, we place emphasis on keeping the noise levels
positive. Analysis that relies on limit noise fails to capture some aspects of evolutionary dynamics in
networks. The network topology and payoff gains interactively determine whether or not an action
is globally contagious. Globally contagious action are those with the highest payoff gains, hence are
also those that are played in the long-run.

Several insightful results derive from our analysis. First, for given payoff gains, the more sparsely
connected a network is the more likely that an action with the highest payoff gain is globally
contagious. When global contagion is feasible, the expected waiting times from any other closed
communication class to the long-run stable closed communication class are independent of the
population size. For a given family of networks, global contagion also implies that the expected
waiting time for highly connected network is shorter than for sparsely connected networks. Secondly,
Whenever global contagion is feasible, sparsely connected networks tend to have longer convergence
time than highly connected networks, longer than even the case of global interactions. Finally, if
the payoff gains and network topology induce multiple intermediate closed communication classes,
that is when global contagion is infeasible, then the convergence time is faster than both under
global interactions and other interaction networks in which global contagion is feasible. Possible
extensions to this paper include generalizations to other models of mistakes, beyond the uniform
mistakes model we have considered.

A. Appendix

A.1. Proof of Lemma 2

Given that the chain is in some state x of Ω, let a be the action that should be played by at
least R(Ω, ∂Ω′) players for the transition Ω→ Ω to occur. If we let Ii be a binary random variable
taking on values one with probability P and zero otherwise, then

(A.1) P(Ω, ∂Ω′) = P
(

N∑
i=1

Ii = R(Ω, ∂Ω′)
)
.
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The expression for the right hand side of (A.1) can be established using techniques for concentration
bounds. From Binomial probabilities, we have (we write R for the short form of R(Ω, ∂Ω′))

(A.2) P
(

N∑
i=1

Ii = R(Ω, ∂Ω′)
)

= N !
R!(N −R)!P

R(1−P)N−R

Using Sterling’s approximation we have

N !
R!(N −R)! ≈

NN
√

2πNe−N

RR
√

2πRe−R(N −R)N−R
√

2π(N −R)e−(N−R)

= NN

RR(N −R)N−R

√
N

2πR(N −R)

=
√

N

2πR(N −R) exp (N lnN −R lnR− (N −R) ln(N −R))

=
√

1
2πr(1− r)N exp {−N (r ln r − (1− r) ln(1− r))}

We letKN = 1√
2πr(1−r)N

, and by rewriting PR(1−P)N−R = exp {N (r ln P + (1− r) ln(1−P))},
we then have

P(Ω, ∂Ω′) ≈ KN exp
{
N

(
r ln P − r ln r + (1− r) ln(1−P)

ln(1− r)

)}
≈ KN exp {N (r ln P − r ln r − (1− r) ln(1− r))}

= KN exp
{
−N

(
c(Ω, ∂Ω′) + F (r(Ω, ∂Ω′))

)}
where c(Ω, ∂Ω′) = −r(Ω, ∂Ω′) ln P and F (r) = r ln r − (1− r) ln(1− r).

A.2. Proof of Proposition 1

We begin by proving the following lemma.

Lemma 3: Let L be the number of closed communication classes and µj the jth eigenvalue of
Pε. Then the contagion rate within any basin of attraction Ωl has the following lower and upper
bounds

1− µL+1 ≤ R(∂Ωl,Ωl) ≤ 1− µL+L

Proof. The proof makes use of the spectral properties and near-complete decomposability of tran-
sition matrix Pε. Under chain (X, P ), the transition matrix is completely decomposable into the
form

P =



M∗1
. . .

M∗l
. . .

M∗L


whereM∗l for l = 1, · · · , L is a block matrix describing the transitions within each basin of attraction
under (X, P ). The rest of the undisplayed elements are zeros and L is the number of closed
communication classes. All leading eigenvalues of the block matrices are ones. The transition
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matrix Pε on the other hand is near-completely decomposable into L “loosely” connected block
matrices that we denote by Ml for l = 1, · · · , L. Such that Pε = P + εP ∗, where ε is a small real
number and P ∗ is an arbitrary #X by #X matrix. A more detailed exposition on the notion of
near-complete decomposability can be found in Simon and Ando (1961). For ε small enough, the
leading eigenvalues of the diagonal block matrices of Pε are close to one.

Let µil denote the ith eigenvalue of the lth diagonal block matrix, such that (µ11 , µ12 , · · · , µ1L)
are the largest eigenvalues in blocks 1 to L, and (µ21 , µ22 , · · · , µ2L) are the respective second largest
eigenvalues. Index by nl as the number of columns in diagonal block l such that the eigenvalue spec-
trum ρ(Pε) of Pε can be written as ρ(Pε) =

(
µ11 , µ21 , · · · , µn11 , · · · , µ12 , · · · , µ1l

, · · · , µnll
, · · · , µ1L

, · · · , µnLL

)
.

The spectral decomposition of (X, Pε) is then given by

q0P
t
ε = q0r11zT11 +

n1∑
j=2

µtj1q0rj1zTj1 + µt12q0r12zT12 +
n2∑
j=2

µtj2q0rj2zTj2

+ · · ·+ µt1Lq0r1LzT1L +
nL∑
j=2

µtjLq0rjLzTjL(A.3)

where zT is the transpose of z, and rjl and zjl are the right and left eigenvectors of µjl .
Let xl be the initial state of (X, Pε) in Ω̃l and qΩ̃l be the #X-dimensional vector of zeros except

a one at the point corresponding to the state xl. Let tl be the period at which (X, Pε) is in the
state xl and TΩ̃l the period at which it exits Ω̃l (or equivalently the period at which it attains the
quasi-stationary distribution νl). Then for tl ≤ t ≤ TΩ̃l and all l = 1, · · · , L,

qt = µt1lqΩ̃lr1lzT1l +
nl∑
j=2

µtjlqΩ̃lrjlz
T
jl

νl = lim
t→TΩ̃l

qt = µ
TΩ̃l
1l qΩ̃lr1lzT1l ≈ µ

t
1lqΩ̃lr1lzT1l

where the approximation holds from the fact that µ1l is close to one for all l. It then follows that

lim sup
t→TΩ̃l

∣∣∣∣∣∣P tεqΩ̃l − νΩ̃l

∣∣∣∣∣∣ 1t = |µ2l | lim sup
t→TΩ̃l

∣∣∣∣∣∣
∣∣∣∣∣∣qΩ̃lr2lzT2l +

nl∑
j=3

(
µjl
µ2l

)t
qΩ̃lrjlz

T
jl

∣∣∣∣∣∣
∣∣∣∣∣∣

1
t

= |µ2l |

Implying that R(∂Ωl,Ωl) = |µ2l | Since µj ’s are arranged in ascending order we then have that
maxl µ2l = |µL+1| and minl µ2l = |µL+L|. Such that for any Ωl,

1− µL+1 ≤ R(∂Ωl,Ωl) ≤ 1− µL+L

To prove the second part of the theorem, we consider the linearization of Pε of the form

(A.4) qtΨ = q0P
t
εΨ = q0ΨΠt

ε

where Ψ is the event matrix derived by stacking into rows all possible realizations of states of (X, Pε)
written in the basis vector form. The choice basis vector for each player i ∈ N is a vector of zeros
except a one in a position corresponding to the action i is playing. For example for a binary action
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set X = {A,B}, a vector (1, 0) implies that i is playing action A and (0, 1) implies that i is playing
action B. In the case of two players and binary action set, there are four possible realization such
that

(A.5) Ψ =


1 0 1 0
1 0 0 1
0 1 1 0
0 1 0 1


where the first row corresponds to the state in which both players play action A, and so forth. Then
Πε is an Nm×Nm matrix defined by Πε = A T ⊗ Σ, where ⊗ is a Kronecker product, A T is the
transpose of the normalized adjacency matrix A and Σ is the action-transition matrix defined in
(10). A detailed exposition on the validity of (A.4) can be found in Asavathiratham (2001, Chapter
5). The following lemma follows directly from (A.4) and the definition of Πε above.

Lemma 4: Let ρ(Πε) = µ̃1, · · · , µ̃nm, ρ(A ) = (λ1, · · · , λN ) and ρ(Σ) = (ϑ1, · · · , ϑm) denote the
eigenvalue spectra of Πε, A and Σ respectively.

(a) If µ1 and µ̃1 are the unique largest eigenvalues of Pε and Πε respectively, then µ1 = µ̃1 = 1.

(b) ρ(Πε) = (ϑiλj) ∀ϑi ∈ ρ(Σ), λj ∈ ρ(A ).

Proof. Multiplying (A.4) by the right eigenvector ri of Pε, we have PεΨr1 = ΨΠεr1. Since Pε is a
stochastic matrix, µ1 = 1, which implies that PεΨr = Ψr1, which is true if and only if Πεr1 = r1.
That is µ̃1 = µ1 = 1. For the proof of Lemma 4 (b) see Horn and Johnson (1990, page 245, Theorem
4.2.12).

For sufficiently small noise, |µL+1| = |µ̃L+1| = λ2ϑ1 = λ2 and |µL+L| = |µ̃L+L| = λ2ϑm. This
completes the proof.

A.3. Proofs for Example 6

Let G = (N , E) be a graph or network of N vertices. Denote by S a subset of N and S its
cardinality. Let e(S,N − S) be the number of interactions (for a weighted network graph its is the
sum of weighted interactions) between S and its complement N −S. Also let d(S) denote the total
degree of S. Then the conductance of G

(A.6) φ(G) = min
S,S≤N2

e(S,N − S)
d(S)

For regular network graphs (in which all vertices have the same degree), it is shown by (Alon and
Milman, 1985) that

(A.7) λ2(G) ≤ 1− φ(G)2

2 .

For a complete graph, since every vertex is connected to every other vertex, we have that every
vertex in S is connected to all other vertices inN−S. This implies that e(S,N−S) = S×#(N−S) =
S × (N − S), and d(S) = N × S such that

(A.8) φ(Gcom) = min
S,S≤N2

S × (N − S)
N × S

≥ 1
2 ,

29



where the last inequality follows from the fact that S ≤ N
2 . We thus have that

(A.9) λ2(Gcom) ≤ 7
8

In the case of a 1−D cyclic network, e(S,N − S) = 2, and d(S) = 2× S such that

(A.10) φ(Gcyc) = min
S,S≤N2

2
2× S ≥

2
N
.

Hence λ2(Gcyc) ≤ N2−2
N2 .

2D network: Let the composition of S be chosen in such a way that the peripheral vertices
(vertices at the perimeter or boundary of S) contain approximately one edge each connecting it to
the set N − S. Since it is a 2-dimensional structure there should be approximately

√
S vertices

forming such a boundary. This implies that e(S,N − S) ≈
√
S, and d(S) = 4× S such that

(A.11) φ(G2D) = min
S,S≤N2

2

√
S

4× S ≥
√

2
4N .

where the last inequality follows from the fact that
√
S ≤

√
N2

2 . It follows that

λ2(G2D) ≤ 16N2 − 1
16N2 .

Random d-regular network: Since for each vertex the vertices to which it is connected are
chosen at random, and that the maximum size of S is N

2 , then a typical vertex in S is connected to
approximately d×(N−S)

N other vertices in N − S such that e(S,N − S) ≈ d×S(N−S)
N . We thus have

(A.12) φ(Gd−r) = min
S,S≤N2

d×S(N−S)
N

d× S
≥ 1.

(A.13) λ2(Gd−r) ≤
7
8

For Newman’s small world networks see Durrett (2006).

A.4. Proof of Theorem 1

The proof of Theorem 1 follows from Lemma 1 and (13). Given the expressions for Pε(Ω,Ω′)

Pε(g) =
∏

(Ω,Ω′)∈g
Pε(Ω,Ω′) ≈ K1 exp

 ∑
(Ω,Ω′)∈g

(
−N

(
c(Ω, ∂Ω′) + F (r(Ω, ∂Ω′))

)
+ γ(Ω′)

)(A.14)

where K1 = (KN )#g. For any W 6= ∅, any Ω ∈W ,

E[T (W c)| x0 ∈ Ω] =

 ∑
Ω′∈W

∑
g∈GΩ,Ω′ (W∪{Ω′})

Pε(g)

 ∑
g∈G(W )

Pε(g)

−1

≤ KT

maxΩ∈W maxg∈GΩ,Ω′ (W∪{Ω′}) Pε(g)
ming∈G(W c) Pε(g)

= KT exp
{

min
g∈G(W c)

ψ(g)− min
Ω′∈W

min
g∈GΩ,Ω′ (W∪{Ω′})

ψ(g)
}
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where KT is some constant;

KT = (#W )(#GΩ,Ω′(W ∪ {Ω′}))
#G(W c) .

A.5. Proof of Theorem 2

The proof bounds mixing times of Markov chains appear in various version in the literature,
see for example Levin, Peres, and Wilmer (2009). Here, we are interested in the properties of the
reduced chain (Ω̃, P̃ε) with stationary distribution π̃. The formal definition of (Ω̃, P̃ε) is as follows
(a generalization of the collapsed Markov chain in Aldous and Fill (1994, Chapter 2)):

P̃ε(x,y) = Pε(x,y),(A.15a)

P̃ε(y, Ω̃) =
∑
x∈Ω̃

Pε(y,x),(A.15b)

P̃ε(Ω̃,y) = 1
π(Ω̃)

∑
x∈Ω̃

π(x)Pε(x,y),(A.15c)

P̃ε(Ω̃, Ω̃′) = 1
π(Ω̃)

∑
x∈Ω̃

∑
y∈Ω̃′

π(x)Pε(x,y)(A.15d)

The following lemma is an immediate consequence of the above definition of a collapsed Markov
chain.

Lemma 5: Let π and π̃ be the stationary distributions of (Ω, P̃ε) and (Ω̃, P̃ε) respectively. Then
for any Ω̃ ∈ Ω̃, π̃(Ω̃) = π(Ω̃) =

∑
x∈Ω̃ π(x)

Proof. Note that π(Ω̃) =
∑

x∈Ω̃ π(x). Let #Ω and #Ω̃ be the cardinalities of Ω and Ω̃ respectively.
Define an event matrix E as an #Ω×#Ω̃ matrix whose entries take on a value one if a state x ∈ Ω
belongs to Ω̃ ∈ Ω̃ and zero otherwise. Denote by EΩ̃ for the Ω̃th column of E . It then follows that
P̃εE = EP̃ε, and that

π(Ω̃) = πEΩ̃ ∀ Ω̃ ∈ Ω̃

Consequently, πE = πP̃εE = πEP̃ε. Implying that πE is the stationary distribution of P̃ε, hence
π̃ = πE .

Since P̃ε is not symmetric, the first step of the proof is to transform P̃ε into a symmetric matrix.
We can then exploit spectral properties of symmetric matrices. From reversibility of P̃ε and hence
P̃ε, that is π̃(Ω̃)P̃ε(Ω̃, Ω̃′) = π̃(Ω̃′)P̃ε(Ω̃′, Ω̃)

Recall that P̃ε is reversible. That is given the stationary distribution π̃,

π̃(Ω̃)P̃ε(Ω̃, Ω̃′) = π̃(Ω̃′)P̃ε(Ω̃′, Ω̃) ∀Ω̃, Ω̃′ ∈ Ω(A.16)

We can define an equivalent symmetric matrix S such that

(A.17) S(Ω̃, Ω̃′) =

√√√√ π̃(Ω̃)
π̃(Ω̃′)

P̃ε(Ω̃, Ω̃′)
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The reason for introducing S is to be able to exploit the properties of symmetric matrices, partic-
ularly the spectral theorem stating that, for symmetric matrices, there exists a set of orthonormal
basis {ui}|Ω|i=1, such that ui is an eigenfunction corresponding to the real eigenvalue µ̃i.

Now, let us denote the diagonal matrix with elements π̃(Ω̃) by D, then we have

(A.18) S = D
1
2 P̃εD

− 1
2

Let fi = D−
1
2 ui, (where ui’s are eigenfunctions of S) it follows that fi is an eigenfunction of P̃ε

corresponding to eigenvalue µ̃i, and that fi’s are orthonormal with respect to π̃. That is

(A.19) P̃εfi = P̃εD
− 1

2 ui = D−
1
2
(
D

1
2 P̃εD

− 1
2
)

ui = D−
1
2Sui = D−

1
2 µ̃iui = µ̃ifi.

To prove orthonormality of the functions fi’s with respect to π̃, its useful to take note of the
following definition of the inner product.

Let 〈., .〉 denote the inner product on RΩ, that is

(A.20) 〈f, g〉 =
∑
Ω̃∈Ω

f(Ω̃)g(Ω̃),

then we can define the inner product with respect to the distribution π̃ as

(A.21) 〈f, g〉π̃ =
∑
Ω̃∈Ω

f(Ω̃)g(Ω̃)π̃(Ω̃).

Let δi,j denote the Dirac delta function (that is δi,j = 1 if and only if i = j), then

δi,j = 〈ui,uj〉 =
〈
D

1
2 fi, D

1
2 fj
〉

=
∑
Ω̃∈Ω

π̃(Ω̃)
1
2 f(Ω̃)π̃(Ω̃)

1
2 g(Ω̃) =

∑
Ω̃∈Ω

f(Ω̃)π̃(Ω̃)g(Ω̃) = 〈f, g〉π̃ .

Note that P̃ tε(Ω̃, Ω̃′) is the Ω̃, Ω̃′ element of P̃ tε, implying that P̃ tε(Ω̃, Ω̃′) = (P̃ tεδΩ̃′)(Ω̃); where
δΩ̃′(Ω̃) is a Dirac function assuming the value of unity for Ω̃ = Ω̃′ and zero otherwise. Notice also
that δΩ̃′ belongs to the inner product space V = (RΩ, 〈., .〉π̃), and since the set {f1, · · · , f|Ω|} is an
orthonormal basis of V, then δΩ̃′ can be written via basis decomposition as

(A.22) δΩ̃′ =
η∑
i=1

〈
δΩ̃′ , fi

〉
π̃ fi =

η∑
i=1

fi(Ω̃′)π̃(Ω̃′)fi

Substituting (A.22) and P̃ tεfi = µ̃tifi gives P̃ tε(Ω̃, Ω̃′) as

(A.23) P̃ tε(Ω̃, Ω̃′) =
η∑
i=1

fi(Ω̃′)π̃(Ω̃′)µ̃tifi(Ω̃) = π̃(Ω̃′) +
η∑
i=2

fi(Ω̃′)π̃(Ω̃′)µ̃tifi(Ω̃)

Taking the absolute values of (A.23) yields

∣∣P̃ tε(Ω̃, Ω̃′)− π̃(Ω̃′)
∣∣ =

η∑
i=2

∣∣fi(Ω̃′)π̃(Ω̃′)fi(Ω̃)µ̃ti| ≤
η∑
i=2

∣∣fi(Ω̃′)π̃(Ω̃′)fi(Ω̃)||µ̃2|t

≤ π̃(Ω̃′)
[ η∑
i=2

f2
i (Ω̃′)

η∑
i=2

f2
i (Ω̃)

] 1
2

|µ̃2|t(A.24)

(A.25)
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where the last inequality follows from Cauchy-Schwarz inequality. Following from the definition
of inner product together with that of δΩ̃′(Ω̃) in (A.22), and relying on the orthonormality of the
set fi, we have

(A.26) π̃(Ω̃′) =
〈
δΩ̃′ , δΩ̃′

〉
=
〈 η∑
i=1

fi(Ω̃′)π̃(Ω̃′)fi,
η∑
i=1

fi(Ω̃′)π̃(Ω̃′)fi

〉
= π̃(Ω̃′)2

η∑
i=1

fi(Ω̃′)2

The implication is that
∑η
i=2 fi(Ω̃′)2 ≤ 1

π̃(Ω̃′) , and consequently

∣∣P̃ tε(Ω̃, Ω̃′)− π̃(Ω̃′)
∣∣ ≤ π̃(Ω̃′)√

π̃(Ω̃)π̃(Ω̃′)
|µ̃2|t(A.27)

Such that if Ω̃0 is the initial state of (Ω̃, P̃ε) with respective stationary distribution of π̃(Ω̃0), then

∣∣∣∣∣∣s0P̃
t
ε − π̃

∣∣∣∣∣∣ = 1
2
∑

Ω̃′∈Ω

|P̃ tε(Ω̃0, Ω̃′)− π̃(Ω̃′)| ≤ 1
2
∑

Ω̃′∈Ω

π̃(Ω̃′)√
π̃(Ω̃0)π̃(Ω̃′)

|µ̃2|t ≤
1
2

1
π̃min

|µ̃2|t

where the last inequality follows from the fact that π̃(Ω̃0)π̃(Ω̃′) ≤ minΩ̃∈Ω̃ π̃(Ω̃)2 = π̃min.
For

∣∣∣∣∣∣s0P̃
t
ε − π̃

∣∣∣∣∣∣ ≤ $, then 1
2

1
π̃min
|µ̃2|t ≤ $. Consequently, the convergence time is

(A.28) Tc ≤
ln (2$π̃min)

ln |µ̃2|
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