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Abstract. We modify a Lucas-type endogenous growth model to contain endogenous labour
supply, imperfect international capital movements, and estimated interest and education time
functions. Solutions based on realistic calibrations show that (i) the rate of human capital
depreciation through ageing has a much stronger negative impact on growth than further
changes in the population growth rate or the Frisch elasticity of labour supply; (ii) a higher
rate of human capital depreciation, a higher growth rate of the dependency ratio, and lower
past cumulated savings all go together with a higher second-best education time and higher
growth; (iii) demographic dividends are positive in the short run but negative in the long run.
JEL-codes: F43, J11, 24; O11, O33, O41. Keywords: Ageing, human capital, endogenous
growth, open economy.
Summary. We add endogenous labour supply to exogenous population growth in an UzawaLucas endogenous growth model with international capital movements. Under non-linearity
from a decreasing marginal product of labour in education and a positive human capital
externality in output production, a combination of estimation and calibration shows that (i)
under exogenous interest rates there are multiple steady states for the dynamics of
education time, one of which is stable and reacts negatively to population growth and
positively to interest rates; (ii) under an estimated endogenous interest rate function
depending on the foreign debt/GDP ratio there is a unique steady state; (iii) the demographic
dividends from a fall in the population growth rate increase welfare in the short run and
reduce it in the long run; (iv) a higher (lower) growth rate of the dependency ratio leads to a
higher (lower) optimal level of education and technical change; (v) lower past cumulated
savings lead to a higher foreign-debt/GDP ratio, higher interest rates, more education time
and technical change, and more consumption in the future rather than the present; (vi) a
higher Frisch elasticity through ageing has only negligible effects on labour supply and all
other variables; (vii) a higher depreciation rate of human capital through ageing has a
stronger impact on growth rates than all other variables that could be associated with ageing
and the optimal mitigating policy is to spend more time on education.
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1 Introduction
The fall in the population growth rates of OECD countries since the 1950 and early 1960s is
widely accepted to be the cause of the current threat of ageing.2 The threat comes from the
expectation of a lower labour/population ratio, from the fear of having too low past savings,
and the expected loss of human capital when the elderly retire. A crucial element in this
explanation is the assumption that people are not responding strongly with working more.
Working more could come from elderly employees retiring later, more hours per year of the
young, male or female, full time or part time employees, and reductions of unemployment or
increasing immigration (Bloom et al. 2010; Gordon 2012), or from spending less time in
education. The lack thereof implies less contribution to pay-as-you-go systems and a more
heavy pressure on the savings of pension fund systems. The young are a decreasing share
of the population though and the recent trend to retire later has run into stagnation at least in
the Netherlands. Alternatively or in addition, for any given amount of labour there could be a
higher level or growth rate of the efficiency of labour, i.e. more technical progress. We focus
on education and technical change and endogenous labour supply rather than all the details
of labour supply sources.
Only a few contributions of the endogenous growth type come close to what we are trying to
do.3 Zhang et al. (2001) consider longer life expectancy of ageing workers leading to more
human capital driven growth in the case of lower fertility through a high preference for the
number of children compared to that for their individual welfare. The positive effect on
education enhances the growth rate. However, this result holds for fully funded or no social
security, but the opposite holds for pay-as-you-go systems with defined and unchanged
benefits unless the parameter constellation has a relatively high weight on the welfare of
children; this last case is preferred by the authors. Moreover, if fertility declines in their model
because of a shift in the preference for the number of children, capturing the appearance of
anti-conception, fertility falls and human capital and growth rise in all pension systems
considered (see their equation (14) in connection with either (16) or (23)). In Zhang et al.
(2003) a high share of people reaching the pension age leads to majority voting in favour of
little public education (absent private education) and a low physical/human capital ratio,
implying low growth. In the model by Boucekkine et al. (2002) ageing leads to higher life
expectancy, more education, later retirement, and higher growth. But, unlike the Lucas model
used below, the old are assumed not to have the opportunity to invest time in education4;
other ways to care for the old age like saving, borrowing and a leisure-labour choice before
retirement are not considered. Therefore it would not be obvious a priori whether or not more
education is the optimal response to ageing. Cervellati and Sunde (2005) show that
increasing life expectancy – in general an important aspect of ageing - may have led to more
literacy around 1900 and more endogenous technical change at any human capital level.
However, there is no population growth, no way of distinguishing between population and
labour, or a dependency ratio as we need it for the analysis of ageing. Bonneuil and
Boucekkine (2014) contribute the impact of the age structure on the choice of education and
labour supply through a realistic survival law. They do so at the cost of dropping endogenous
technical change, savings and international capital movements from the analysis, which are
very important for our purpose. Cervellati and Sunde (2013) use a different survival law and
add perfect domestic capital markets. Cervellati and Sunde (2015) link demographic features
2

Effects for developing countries are discussed by Ashraf et al. (2013).
Other contributions are surveyed by Ashraf et al. (2013).
4
Bowlus et al. (2016) argue that the old still invest in skills and Lang (2016) adds that this decreases with age.
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to a unified growth model. However, the richest countries have constant exogenous growth
and there is no impact of international capital movements on interest rates. Gruescu (2006),
Heijdra and Romp (2009a, b) also use a Lucas-type model. Both do so using Lucas’ (1988)
simplified version of linear effect of time in education.5 As the answer to our question of
putting labour more into education or more into working for output we need a realistic
marginal product and opportunity costs here.
Next, there is a widely ignored set of overlapping generations models with human capital
formation (see Choi and Shin 2015) which differs from ours in that (i) the elasticity of
production for time in human capital production is too high or too low, both by a factor 2.6
(see below), (ii) they are closed economy models missing the additional effects that come
from capital in- and outflows aggravating ageing, (iii) have a too low labour supply elasticity
according to recent literature. Gaessler and Ziesemer (2016) show in a Lucas-type of
endogenous growth model (i) that there are decreasing returns to time input in human capital
formation at an empirically derived rather than merely assumed elasticity, and (ii) that a
higher exogenous growth rate of ageing, based on exogenous growth rates of labour and
population growth also leads to more education and technical change. The advantage of
exogenous population and labour growth rates is that one can make scenarios by
assumption, including the inefficiently slow labour supply growth based on early retirement of
the recent past in OECD countries (see also Prettner and Canning 2014). As these policies
are now abandoned in some countries we want to look at optimal endogenous labour supply
in connection with endogenous technical change. Ludwig et al. (2012) also consider
endogenous labour supply and education but with exogenous productivity. Contributions to
the literature which are more related to details of our paper will be discussed below.
As technical change is an element of endogenous growth models it is a logical step of this
paper to endogenize the choice of labor supply in an endogenous growth model with
exogenous population growth in order to see what the optimal reaction to its change is in
regard to labour supply, education and technical change. One important question is how the
agents in the economy will allocate their time if no exogenous restrictions or mis-leading
information from pension systems on the time spent in the active population are set in times
of ageing: choosing more or less leisure, working more for output or spending more time in
education? Moreover, times of ageing do not only generate the problem of the dependency
ratio and the labour allocation, but also of the effect of having saved too little pension funds
in the past because of too optimistic information. We will also analyze how lower
accumulated savings affect optimal decisions. Finally, the major question is how the
economy reacts to an increase in the rate of depreciation of human capital when retirement
leads to the loss of qualified persons in their workforce.
The major aim of this paper is to find (i) the optimal reaction of the growth of the labour active
in production or education, , to an ageing population, and (ii) the optimal share of it in
education or production. We will analyze the question using the framework of the open
economy version of the Uzawa-Lucas model by Frenkel et al. (1996), which allows for perfect
international capital movements.6 International capital movements are crucial because the

5

In Heijdra and Romp (2009a) there are no retired persons and no old‐age dependency ratio.
Other authors may want to analyze similar questions using other endogenous growth models. The more well‐
known ones though produce technical change using unskilled labor or exogenous human capital and are closed
economy models with an additional sector for the production of intermediates. They too will require some
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ageing in China and India, the fastest growing regions, comes one or two decennia later than
that of the OECD countries and is weaker in the USA (see Fehr et al. 2010; Narciso 2010;
Mérette and Georges 2010). As the experience suggests that interest rates are increasing
under higher foreign debt we will modify the model also for this aspect. Other authors also
have dealt with international capital movements but they do not consider it in connection with
endogenous growth.7 An important modification though is to distinguish between
(exogenous) population and endogenous labour supply as required by our research
question, because labour supply may react to ageing and its consequences. The model will
be calibrated to the parameters in line with the estimation of two non-linear parts of the
model. Due to a lower current (as opposed to earlier) growth rate of the population, the
endogenized growth rate of the active part of the population will be lower too, in a way
leading to a lower growth rate of the dependency ratio, and the agents in the economy will
spend less time in education and generate less growth. The debt-dependent interest rate will
be lower. The effect of too low past savings captured in the initial endowment of cumulated
past savings compared to a higher value from a less sub-optimal behavior in the past, is a
higher debt and a higher interest rate. This leads to a higher optimal time spent in education
and higher growth of human capital as well as a shift of consumption into the future. In short,
less labour supply growth and a lower level of capital lead to opposite effects on optimal
education time and human capital growth. However, reduced labour supply is mainly a
matter of the past to which we can react through optimal labour supply today, whereas too
little pension capital is a problem of the present to which we can react only gradually by
saving more, but more quickly through putting more time into education and human capital
growth. Ageing may also come in the form of a changing wage elasticity of labour supply and
a higher rate of depreciation of human capital capturing the loss of skilled workers, both with
consequences for the allocation of time to education and output, and growth rates.
Section 2 introduces the utility function with a Frisch-elasticity for labor supply in order to
distinguish between labour and population. Section 3 looks at the data for education time
because data have to be adjusted for splitting of schooling and working time of apprentices;
the dynamics of education time is analyzed in order to obtained important information for the
calibration. Section 4 analyses the existence and stability of multiple steady states - for the
case of a partial equilibrium with an exogenous interest rate - stemming from decreasing
returns to time spent on education and increasing returns from human capital externalities.
Section 5 introduces the estimated debt-dependent interest rate function and shows the
existence of a unique steady state for the whole model, which can be reduced to two
equations for two variables, foreign debt and education time. Section 6 analyses the
response to changes in the population growth rate, in particular the demographic dividends in
the context of dynamic optimization, and the adjustment of ageing and education. Section 7
investigates the consequences of missing past savings. Section 8 captures ageing modeled
as a higher Frisch parameter or as a higher rate of depreciation of human capital, showing
that the latter has much stronger effects than the former and requires more time spent on
education. Section 9 summarizes and concludes.

adjustment before questions of ageing can be analyzed. It will be interesting then to compare their results with
ours.
7
See Börsch‐Supan et al. (2006), Attanasio et al. (2007), and Krüger and Ludwig (2007); Heijdra and Romp
(2008) are an exception discussed below.
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2 The Model
The endogenization of the choice of participation in the active population8 is conducted by
introducing the relation between the active population and the entire population, ⁄ , in the
utility function. This is the inverse of the dependency ratio in the form 1

. It has a

Frisch parameter of labor supply, , which captures the effect of a change in the share of the
active population. Being involved in the active population, or dedicating a high share of the
population to the active population, has a negative effect on utility. On the other hand, being
inactive, or involving few labour resources in the active population, will lead to low output
which will result in low consumption and, hence, low utility. Hence, there must be an optimal
labor supply.
Consumers are assumed to maximize their utility function, which is assumed to be

The expression above shows the utility function of the entire population, where 0
1 is
the subjective discount factor,
0 is the intertemporal elasticity of substitution for
consumption, is the Frisch elasticity parameter for labour supply, is a parameter which
measures the disutility of participation in the active population relative to the consumption
is the size of the entire population, is individual consumption and
is the
part of utility,
size of the active population.9 The economy is assumed to consist of output-producing firms
and labor- and capital-supplying consumers. Output is formed by a Cobb-Douglas production
, and efficient labour. Efficient labour,
function and is determined by physical capital,
1
, is the product of individual human capital,
, and the part of the active
, which is not in education. The households decide between spending
population, 1
their time in production 1
for immediate output generation and education, , to
increase their productivity for later production. A human capital externality is added as, ,
modelled after Lucas (1988), to include the influence of the average skill level on the
economy. This forms the production function
1

(1)

The demand for physical and human capital is determined in a firm which maximizes profits:
max

,

π

A

1

1

(2)
1

(3)

8

Usually it is interpreted as “labor force participation”. This interpretation is not feasible in this model as the
active population is split into the actual labor force and people in education.
9
Gómez (2017) also endogenizes labour supply using a log‐linear utility function with a CES production function
for a closed economy with constant population for a different purpose.
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Equations (2) and (3) represent first-order conditions, equating marginal productivity of labor
and capital to wages for efficient labour and rental rates. Consumers face the following
budget constraint:
1

1

1

(4)

The right-hand side of equation (4) represents the total income which is the income from
1
, the income from capital rent,
, and the borrowed money from
labor,
1

outside the economy’s borders minus the interest and re-payments,

.

is the debt dependent interest rate. The left-hand side of equation (4) represents the
spending on consumption,
, and capital investment,
1
. For the budget
constraint to hold, both sides must be equal at all times. As we do not model a government
or a pension system separately and the firm has zero profits by Euler’s theorem the
household budget is also that of the country. Consumption is not differentiated in regard to
age or (not) working. This is implicit in the assumption of equal consumption of all for a given
point in time. By implication, we do not model pay-as-you-go pension systems with defined
benefits or contributions (see Dedry et al. (2016)) but instead forward looking savings and
equal consumption, where the latter is a social equilibrium assumption similar to that in
Muysken and Ziesemer (2014). Ideally, a pension system should adjust to disturbances by
changing the burden of both, young and old, as it would happen if the marginal dis-utility from
premia equals the discounted marginal utility from the corresponding pensions. Our ‘social
equilibrium’ is meant to be an approximation of this balance of marginal utilities. It is also
more realistic than the alternatives because the real pension systems change contributions
and benefits every year in the spirit of sharing the burden and striving for equality although
with less perfect foresight than we assume.10 We also abstract from the possibility of voting
to achieve redistributions in favour of the old, which is a separate problem treated in a
different literature.11
Human capital formation is determined by the time share spent in education, , with
diminishing or constant returns to scale. Equation (5) shows how human capital is formed
with the productivity parameter,
1, the knowledge efficiency coefficient, , and
12
depreciation of human capital, .
1

10

(5)

With defined contributions, τ, adjustments to fertility changes are made by benefits p = τ(1+n). With defined
benefits, adjustment is made by contributions τ. Using the utility function of Dedry et al. (2016) and
maximizing with respect to contributions τ we get u1‘/u2’ = β(1+n), Samuelson’s biological interest rate
condition. Ceteris paribus, if p changes in one direction τ should change into the opposite direction, sharing the
burden of benefits and contributions, young and old. Together with households’ decisions equating the ratio of
marginal utilities to the interest rate this yields the golden rule to which Dedry et al. (2016) compare the
systems of defined benefits or contributions (see Samuelson 1975, eqs. 12a,b). Assuming the golden rule
throughout may be a bit idealistic, but some sort of sharing like the assumption of the same consumption for
all is tractable for households and for modelers. Over time, of course, consumption grows in all these models.
11
Ono and Uchida (2016) determine pensions through probability voting leading to different consumption of
old and young persons.
12
Uzawa (1965) uses a more general strictly concave function φ(e) and Lucas (1988) uses also this function in
the first instance and the simplification γ =1 only later for simplicity of finding an explicit solution for the model.
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Uzawa (1965) and Lucas (1988) use a zero depreciation rate. But for the treatment of ageing
the increase in the loss of qualifications of workers can be captured by an increase in this
depreciation rate and therefore it must be included and correspondingly the calibration is
different than without it. We assume that h-terms on the right-hand side have exponent unity
in line with recent evidence favouring fully over semi-endogenous growth theory (Ha and
Howitt 2007; Madsen 2008; Ziesemer 2017). Consumers maximize their utility subject to their
budget constraint, equation (4), and the human capital formation function, equation (5), given
the parameters and initial values of ht, and Kt-Bt. The maximization program for the
consumers is:

, , ,

max
,

β

,

1

1

1

1

1

1

The first-order conditions are13:
ct:

(6)

et:

(7)
1

Lt :

(8)

Bt+1:

1

(9)

Kt+1:

1

(10)
1

ht+1:

1

(11)

The following transversality conditions hold by assumption:
lim
lim

I.
II.

0
0

→
→

, , ,
The system of equations (1) - (11) determine the eleven endogenous variables, ,
, , , , , , and
. The rates of return to physical capital, bonds, human capital and,
future labor input can be derived. They are displayed in Equations (12a-e).
(12a)
1

1

(12b)

13

It can be shown that the utility function has a finite integral, and hence a maximum exists. Concavity of the
Lagrangian in the control variables ensures an interior solution.
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1

1

(12c)

1

1

1

(12d)
(12e)

The first part of (12a) is derived from (6), where the other equivalencies on the right hand
side follow from (12b-e), obtained by rearranging equations (8), (9), (10) and (11) to solve for
. Equation (12b) follows straight forwardly from (9) with

; (12c) is

is replaced by the expression in (3); equation (12d) is derived
derived from (10) where
from (11) where
is replaced by the relation in (7). The relation (12e) for the rate of return
of the active population size is derived from (8).
If
of

,

and its elasticity are assumed to be constant this leads to a constant growth rate
through (12a, b). From this follow constant

and (12e) respectively. Constancy of

and

in (12c), (12d)

follows directly from constant

in (12c), which

can be expressed as:

and

. This implies equality of the growth rates of

the numerator and the denominator:
1

1

1

1

(12c)I

1

Equation (12c)I shows that the growth rates of output and capital depend on the change of
time spent in production, the growth rate of human capital, and the growth rate of labor
supply.
The growth rate of wages is crucial to determine the rates of return to labor and human
capital. Wages are determined from equation (2):
(2)I

1
Inserting (12c)I into (2)I leads to:
1

(2)II

1

Together with the human capital formation function (5), this shows that
is constant if is
II
constant (i.e. if
0). Equation (2) shows that the development of wages per labor
efficiency unit depends solely on that of human capital. Wage growth per labor efficiency unit
is only positive if the externalities are positive.
The growth rate of the active population, 1
the expression in equation (12b),

, can be derived from equation (12e). With

can be replaced by 1

II

equation (2) into equation (12e), and thus eliminating 1

1

1

. Plugging

leads to

(12e)I

1
8

From (12c)’ and (12e)’ we find the growth of the GDP per capita of the population.

1

(12f)

For given education time e, human capital growth rate gh and interest rate r or debt b, lower
population growth translates one-to-one into lower labour growth. For a constant interest rate
and population growth rate, the steady state growth rate of labor depends on the
endogenous development of individual human capital, and through this on time spent in
, can by assumption
education or production. Because the time spent in production, 1
not exceed 1, its growth rate cannot be stable at any other value than zero. Equation (12e)I
shows that if the choice of the size of labor is endogenized through negative utility associated
with labor supply, the steady state growth rate of labor depends on time spent in education. If
. For positive values
time spent in education and the interest rate are constant, so is 1
of the Frisch elasticity the fraction in parenthesis will determine whether or not we have gL <
gN. If the denominator including the discount factor and the interest rate is larger (smaller)
than the numerator, this will (not) be the case.
need to be derived.
In order to find the optimal time spent in education, the dynamics in
This is done by relating
and
to only exogenous variables. The main equation used is
equation (12d). To show how the rate of return of human capital relates to time spent in
can be replaced in equation (12d) using equation (2)II and equation
education only, 1
(5):
1

1

(12d)I

1

and
are replaced. With equation (12e)I replacing the
, equation (12d)I becomes

Next, the endogenous variables
growth rate of the labor force, 1

1

1

1

1

Replacing 1

1

1

1

1

and 1

1

yields:

1

1

1

1

1

(12d)II

11

This relates

and

to the interest rate and exogenous variables and parameters.

can then be replaced by 1
thus becomes

. Since 1

↔

. This leads to:
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1

, the expression

1

1

1

1 1

11

(12d)III

11

Because of the relations in equations (12b) and (12a),

equals 1

1

; if the

interest rate is constant, the RHS of equation (12d)III is constant as well. This is the dynamic
equation that determines how
develops over time, depending on the interest rate, the
population growth rate and several parameters. With help of this equation, the stability of
in the steady state can be analyzed in section 3. Unfortunately, the above expression cannot
analytically. If we could solve for the growth rate of e, the function
be solved for , or
probably would be non-linear in e, 1+r and 1+gN. The next section takes an empirical
approach to this relation.

3 The dynamics of education time in fourteen OECD countries
In order to make reasonable assumptions for the parameters of the calibrated model we
approach the non-linear relation (12d)’’’ by way of regressing the growth rate of e on the
linear, quadratic and cubic terms of log(e(-1)), log(1+r) and log(1+gN) and dropping the
insignificant ones. For education time data we add up regular schooling, and on-the-jobtraining all from OECD iLibrary, ISCED levels 0-6, and vocational training from EUROSTAT
2005 and 2010 for Europe, which we use to construct a markup for all years; for Australia,
Canada, and the USA we use UK mark ups. From the time of apprentices, which is mostly
counted fully as schooling time in the statistics, we shift 40% to working time and out of
education time in order to bring the data in line with the concept of the production functions of
the Uzawa-Lucas model. The data range goes from 0.284 to 0.518 with a panel mean of
0.344. Data for real interest rates and population growth rates are taken from World
Development Indicators. We estimate the equation using Fully Modified OLS and the
orthogonal deviation version of system GMM. With FMOLS we lose observations for three
countries from the sample though. The result for system GMM is (p-values in parentheses):
D(log(e)) =
4.32 + (14.95‐1)×log(e(‐1))+14.35×(log(e(‐1)))²+4.8×(log(e(‐1)))³‐1.2×log(1+gN) + 1.148×(log(1+r))2
(0.011)
(0.016)
(0.016)
(0.067)
(0.130)
Period: 1988‐2010; countries 14;14 obs: 158; p(J)=0.067.15
14

The countries are: Australia, Canada, Denmark, Spain, Finland, France, Germany, Greece, Ireland, Italy, the
Netherlands, Sweden, the UK and the US.
15
J is the Hansen‐Sargan statistic and p(J) the corresponding p‐value, which should not be too low through a
too high J‐statistic (Davidson and McKinnon 2004), which would go against the hypothesis of having a chi‐
square distribution, and not too high through a too low J‐statistic, the latter indicating that instruments have
little effect (Roodman 2009). 2SLS instrument weighting matrix; Period SUR (PCSE) standard errors &
covariance (d.f. corrected). Instrument specification: current interest and population growth variable because a
Durbin‐Wu‐Hausman test rejects endogeneity, and lag (‐2) for each education regressor; time dummies and
constant added to instrument list. The variance ratio, the square of the standard deviation of fixed effects and
the residuals of the estimation, which was set to unity in the Monte Carlo studies supporting System GMM, is
vr = (0.019944/ 0.015093)2 = 1.75. According to Bun and Windmeijer (2010; Table 6) this would cause a bias for
low T , but not for T= 23 as we have here at best; for T=11 as we have here on average, their Table 6 shows that
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We plot the result in ge-e plane using the values of gN = 0.002, and r = 0.05 as in the
calibration below. The result is shown in Figure 1. It shows a steady state near e* = 0.365,
slightly higher than the panel mean of 0.34. For FMOLS (pooled, weighted) it would be near
0.358. By far most of the observations are between 0.28 and 0.42. In this area we have an
inverted u-shape in Figure 1. The cubic term just serves to mitigate the strictly symmetric
structure of a quadratic function. This empirical result suggests that for calibration we should
use parameter values that yield the inverted u-shape of the ge-e relation as in the data range
of Figure 1.
g(e)

0.07
0.06
0.05
0.04
0.03
0.02
0.01
0.00
0.30 0.32 0.34 0.36 0.38 0.40 0.42 0.44 0.46 0.48 0.50 0.52

e

-0.01
-0.02
-0.03
-0.04

Figure 1: Estimated dynamics of education time share e.

4 Existence and Stability of Multiple Steady States
Because of the

term in equation (12d)III, we refrain from a full analytical analysis

of equation (12d)III and plot the function, which is done by iteration in Figure 2. Equation
(12d)III is plotted in the
plane for constant interest rate and population growth rates
0.05. The Frisch parameter, , is set to 3 in line with Peterman
0.002, 1
(2016), who estimates the macroeconomic Frisch parameter to be between 2.9 and 3.1.
Other parameter values are chosen to get to gh = 0.013 close to that of Denison according to
Lucas (1988) because of the higher time share in education, and macroeconomic growth
rates roughly in line with the panel average of the 14 OECD countries in the sample of the
0.03,
0.834,
0.982,
previous
section:
0.055,
0.6,
0.268,
0.03.
1.06 and
The assumption for the spillover parameter is twice as large as that by Lucas (1988) because
he uses
1, almost four times as high as ours; the lower marginal product of time spent in
education in our version of the model requires a higher externality in our model to calibrate
the parameters roughly to the empirical growth rates. Einarsson and Marquis (1996)
discussed reasons why the externality parameter may be 0.6 in the model with
1 rather
than 0.42 assumed by Lucas. With the lower value for it is therefore plausible also from this
perspective to have an even higher externality parameter. In comparison with the set-up of
is total factor productivity and
is the human capital
de la Fuente and Doménech (2006),

the bias may well be close zero for vr=1.75. However, they do not include other regressors besides the lagged
dependent variable. The Pesaran test rejects the null of cross section dependence with p = 0.39.
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term; our value of 0.834 is then slightly below their maximum estimate. As in Lucas (1988)
our version of the model implies passing on human capital over generations. In contrast, lifecycle and vintage models tend to assume that this is not the case and each generation starts
with the same initial value (see for example Heijdra and Romp 2009a; Ludwig et al. (2012).
This leads to different calibrations because higher human capital implies higher productivity,
externalities and wages, which all affect the choice of time inputs. In particular, estimation of
the rate of depreciation for human capital as being between 1 and 1.5 percent is based on
estimates for workers using a method where the loss upon retirement is not included
(Arrazola and de Hevia 2004); they are applied in models with exogenous growth. We fit the
data to get an endogenous growth rate of h to be 1.3 percent; the depreciation rate of three
percent preferred by Mankiw et al (1992) produces this result. Figure 2 shows that with these
parameter values there are two steady states16. With an exogenous interest rate of 1
0.05 (for this section only) the stable steady state value is ∗ 0.399. 39.9 percent of
the active population are engaged in education at each point in time if we are in this steady
state.
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Figure 3 – Population Growth Rate

The lower, unstable, steady state of e is at e** = 0.156. This indicates that if the economy
started at a value of at a little bit higher than 0.156, it would still be able to reach the higher
steady state. The lower steady state of e** 0.156 is outside the indicated data range of
0.284 and 0.518. The switch in sign in Figure 2 around
0.700 indicates that if the
economy were to start higher than
0.700 it would move towards all employment in
education. This cannot be optimal, because no resources would be devoted to production,
which would lead to no output and hence to consumption only debt financed with no capacity
for debt service. Given the empirical background of figures 1 and 2, an educational share of
roughly 70% or higher does not seem plausible. The functional form of Figure 3 shows the
plane for
influence of the population growth rate on the steady state values of in the
0. It shows that if the model economy is in the empirically significant range, of
between 0.284 and 0.518, the partial relation between
and
is negative, for a constant
interest rate. This indicates that a lower population growth rate will lead to more education
and less time in production. A discussion of a change of the population growth rate with an
endogenous interest rate follows in sections 5 and section 6 in order to show that
international capital movement and endogenous interest rates matter. With the value of
16

Benhabib and Perli (1994) also find two steady states under certain parameter choices if the labor choice is
endogenous. The two models are not directly comparable as Benhabib and Perli use slightly different physical
and human capital production functions.
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∗

0.399 and the given parameters, the growth rate of the labor force can be determined
through equation (12e)II. The steady state values are summarized in Table 1 under the
assumption of a value of five percent for the interest term. Values for the solution of the
model below are slightly different as the interest term then is endogenous. These values
would imply a slightly negative growth rate of the dependency ratio: 1
.

≡

0.9999, which will be above unity when e* and gL are lower in Table 2 below. For the

.

and

transversality conditions to hold, the growth rate of

must be negative.

Table 1 – Steady States
Steady State Relations

From
Equation
(5)
III
(12e)

1
1

1

1

1

1

1
1

(3) and (12c)I

.

(12c)I

.

(2)II

.

(9)

.
.

(7)

1

(6) and (9)
1

.

,

.

.

1

Note to table: In steady state:
,

.
.

1

1

.

Numerical

,

and
.

,

.

∗

,

.

, parameter values are:
.

,

.

,

.

,

. ,

.

With
0.982, the growth rate of
is -0.018. With
0.030 and
0.033, the growth
rate of the first expression is negative. The growth rate of the second product is also negative
0.011 and
0.013. The transversality conditions are, hence, fulfilled.
because
The result of this section can also be interpreted as the limiting case of a country that is small
in regard to the impact on the interest rate,
0, and has a world market interest rate of r
= 0.05.

5 Debt Dynamics
The above analysis has been conducted for a given product of interest rate and interest
elasticity. This assumption will now be relaxed as it is unlikely to be fulfilled for most
countries analyzed in the sample such as the US, Germany and France. They are too large
to fit the assumption of being ‘atomistically small’, which is the exact version of being a price
taker. In a risk-perception mark-up interpretation the assumption of endogenous interest
rates is also valid at high debt levels of relatively small countries. Therefore, to analyze the
dynamics and steady-state determination it is useful to assume a non-fixed interest rate
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which depends on the debt of the country as we did in the dynamic optimization above.17 We
use the estimate of Gaessler and Ziesemer (2016; Fig. 7):
.

0.815

.

and

Where

.

2

1

̅

.

(13)

1

is the world interest rate, approximated by the US interest rate, which is

on average 0.05. The curve has an intercept at about 5 percent and then goes to 0.17 for b =
2. The elasticity of the interest rate with respect to the debt to GDP ratio,
, is derived from
:

equation (13) with

.

.

.
.

0.8382

0.605

0.564Log2

2 0.214Log2

3 1.127Log2

2

0.642Log2
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The budget constraint can be rearranged to
1

1

(14)
and

Equation (14) is the equivalent to equation (4) with
1
shown in equations (2) and (3) and, hence, with

at their equilibrium values
.
and
can

from equations (12c) and (12b) with

be replaced by
1

1

for their respective periods. Expressing (14) in terms of

yields:
(14)I
Where

1

1

1

and

in equation (14)I it must hold that

state. Setting
1

(15)

1

0 and equation (15) solved for

In steady state,
1

1

becomes
1

1

The formula for the growth rate of output is that of Table 1. For
share, 1
1

is constant in steady-

(15)I
as the consumption

by definition and use of formulas in Table 1 is
1

17

1

(16)

A fixed interest rate in the dynamic optimization may lead to infinite consumption through infinite
borrowing.
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Where 1
and 1
with the expression for

are their respective steady state relations. In steady state
of equation (13), equation (16) becomes:
(16)I

1

1
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Figure 4 – Steady states in

With the steady state expression for 1
becomes
1

1

0.6

,

0.8

1.0

and

of equation (12e)I from Table 1, equation (16)I

1

1

1

(16‘‘)

Equations (12d)III, (15)’ and (16)’’ form the dynamic system to determine education time
share e, debt/GDP ratio b and consumption share X. To illustrate the solution, equation (15)I
is plotted in the
plane in the left panel of Figure 4 for a given e, which can be found
from the intersection of equations (12d)III and (16)II plotted in the right panel of Figure 4 in the
plane. Their intersection denotes the steady state ∗ 0.380 and ∗ 0.038. With
these values the steady-state consumption share is X*
0.694 can be derived through
∗
equation (15)’. The value for
differs from the steady state value presented in section 4,
∗
where
0.399. This is due to a change in the interest rate because of a lower debt
through optimization exploiting the interest rate function. The interest rate associated with a
0.0496, instead of 1
value of ∗ 0.038, according to (13), leads to 1
0.05 (which we would get for
0.042), as assumed in section 4. The solution is r = 0.0468
∗
0.06. A country that has an impact on the interest rate reduces credit at low
and
levels to keep the interest rate low, here even below the US value of ̅ = 0.05. With these
values, the growth rates of labor force growth changes to 1
1.0016 (from 1.0021),
leading to a growth rate of the dependency ratio of 1
1.00043 (from 0.999922).
Hence, a small open economy with no influence on the interest rate will choose a higher
growth rate of the active population, a lower growth rate of ageing, and a higher share of time
devoted to education as opposed to an economy with a flexible interest rate, which is lower
through reduction of debt. Once there is the possibility to adjust the interest rate, the
15

economy will reduce their time devoted to education and the growth rate of the share of the
active population, Lt/Nt. This will increase its inverse, the growth rate of dependency ratio.
With a lower interest rate through less borrowing, the marginal product of capital must be
lower, the capital-labour ratio must be higher in spite of less debt, and this adjustment comes
from using less active time L in spite of a higher share of working time, because human
capital is now less profitable. This is a comparison of models with different impact on the
domestic or world market interest rate. This is important to understand, because here ageing
goes together with less education.
If the interest rate were not dependent on debt, the gX=0 curve (16)’’ would be horizontal and
we would have two intersection points as in figure 2. In other words, making the interest rate
dependent on debt turns multiple equilibria into a unique one as is the case for the numerical
values chosen or estimated here.

6 Changes in the Population Growth Rate
6.1 Numerical evaluation and comparison with the literature
This section exogenously alters the growth rate of population to analyze the reactions of the
economy if
falls from 0.002 to 0.001. The economy reacts to an exogenous change in the
population growth rate by altering the steady state time spent in education. This in turn alters
the growth rate of the active population, , and with it the growth rates of capital and output.
Figure 5 shows the movement of the
,
and
curves if
goes from
.
to .
. The solid lines in Figure 5 are the same as the lines in Figure 4 and are
drawn for a population growth rate of 0.002. The dashed lines in Figure 5 show the relations
for a lower population growth of 0.001.
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Equations (12d)III and (16)II are solved dependent on the population growth rates. Population
growth therefore has an impact on education and via the debt/GDP ratio on the interest rate.
The impact of population growth therefore goes through three channels. First, the effect on
education goes through all formulas in Table 1. Second, the effect on the interest rate goes
to labour supply and consumption growth. Third, population growth has a direct effect on
labour supply growth in Table 1. The evidence (see Renström and Spataro 2015) finds that
after controlling for education and other aspects there is no impact of population growth on
growth of GDP per capita. In our model the impact indeed goes mainly through education as
shown in Figures 1-5. The additional channels of our model, directly and via the debt-interest
16

nexus to labour supply, have not been the focus of empirical studies. Perhaps the crosscountry variation is weak, and more dynamic non-linear empirical research is needed.
Table 2 – Changes in the Population Growth Rate

Table 2 shows the optimal response of some measures of the economy to an exogenously
changing growth rate of population. In the middle of the 1960s this was a strongly falling
growth rate of the population, but most recently it is a slightly increasing one because of oldage mortality reduction from post WWI vintages leaving the population. Column 3 shows the
corresponding values of the growth rate of the dependency ratio. The growth rate of the
active population does not change one-to-one with the growth rate of the total population.
This means that the growth rate of the dependency ratio decreases (increases) with
decreasing (increasing) population growth, because the growth rate of human capital, h,
adjusts too. Mason et al. (2016) find this result in terms of levels of an increasing ratio L/N in
a modified Mankiw-Romer-Weil model. When current population growth decreases – which
may have different effects from considering that of forty years ago (Maestas et al. 2016)18 -,
the best response for education is a decrease in the time share devoted to education, leaving
a larger time share in production, unlike our partial result of section 3 for constant interest
rates. Now that interest rates fall education time also falls. By comparing the first two
columns it becomes apparent, that the optimal response of the growth rate of the active
population is always a bit less downward than the population growth rate. A similar relation
between growth of the population and more education has been found in the literature: In a
model by de la Croix and Licandro (1999) life expectancy increases population growth and
yields more education unless too many old agents stay in the labour force; the same result is
obtained by Boucekkine et al. (2002) for a more realistic survival law inducing that the effect
of too many old agents comes about only beyond age of 85; in Boucekkine et al. (2003) this
latter effect is therefore not relevant when the model is calibrated to data for Geneva 16251825. In the latter model, unlike our version of the Lucas model, the old are assumed not to
have the opportunity to invest time in education and other ways to care for the old age like
saving, borrowing, and a leisure-labour choice except for retirement are not considered.
Therefore, it would not be obvious a priori whether more or less education is the optimal
response to ageing in the Lucas model allowing for these aspects as it is in the pure growtheducation-survival models. Heijdra and Romp (2008, 2009a), allowing for savings and
borrowing at a given world market interest rate, find a positive effect of reduced adult
mortality on education in a vintage model. In our version of the Lucas model education time,
e*, increases (decreases) if the growth rate of the dependency ratio increases (decreases) in
18

This also holds for family size effects which are small when fertility starts falling but get large the more
cohorts of parents have gone through this phase (see Curtis et al. 2017).
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reaction to increasing (decreasing) population growth rates as in Table 2 although labourleisure choice leads to a higher growth of the dependency ratio under lower mortality and
higher population growth. Decreasing (increasing) education e* implies less (more) growth of
labour efficiency, ht, which dominates the effects on the growth of production; moreover there
is less (more) capital inflow and lower (higher) interest rates. Combining (12f) with these
values shows that the growth rate of the GDP per capita of the population moves together
with the growth rate of the population (see second but last column in Table 2), because the
change in the GDP growth rate via that of human capital is stronger than the change of the
interest rate; both are mitigated by the high inverse Peterman labour supply elasticity in (12f).
Heer and Irmen (2014) find the opposite result: labour scarcity leads to higher growth. The
reason for the difference is in the capital-intensity of the two models and it can be understood
using the intuition of the Rybczynski effect. In the Lucas model the output production function
is capital intensive and the productivity function is labour intensive. In Heer and Irmen (2014)
the productivity function employs no labour and the output production function – after
insertion of intermediates - employs labour and capital (see also their Lemma 1). In both
models, in line with the Rybczynski effect, the labour intensive sector shrinks and the capital
intensive sector expands when growth rates of the population and the labour force fall. Our
empirical evidence below and historical considerations (see Cervellati et al. 2017) would
favour a positive long-term relation between growth rates of population and per capita
income. Which result is more realistic therefore depends on the capital-intensity ranking of
knowledge and output production functions.
As in Mason et al. (2016) a fall in the growth rate of the population goes together with an
increase in the efficient capital-labour ratio because the interest rate is falling and so is the
marginal product of capital. The lower interest rate indicates that there is a lower debt/GDP
ratio or, as Mason et al. (2016) put it, ‘people accumulate more assets’, but the capital-output
ratio is constant in their model but increases in ours. Savings therefore must be higher in
spite of lower interest rates. Investment in human capital per child is also increasing in their
model. In the Lucas model variables ‘per child’ are not explicitly visible, but instead we can
express investment in education per head of the population as eL/N. It follows from Table 2
that the growth rate of eL/N is also higher if population growth is lower, because ge=0 and the
growth rate of L/N is increasing as g1+D is falling with gN. So, in the interpretation and
comparison of models, utmost care is in order in regard to the question, which human capital
variable to use in interpretations. A fall in e with a fall in gN is not contradicting the lessons
Solow-Swan type of models used by Mason et al. (2016) as the growth of eL/N goes up in
our model because the growth of the share of active people goes up. However, although the
growth rate of L/N dominates in the long run, the initial change in levels also needs to be
considered; we do this below.
6.2 The demographic dividends in the Lucas model and recent history
An important analytic step in the literature is to define and analyze the first and second
dividend of falling population growth stemming from changes in L/N and Y/L. Note though
that the standard conventions about the dividend do not consider disutility from working and
therefore a higher L/N is a blessing in the standard formulation on dividends but it is dis-utility
from the point of view of our model. Normally the dividends are expressed through a
decomposition of consumption per capita and then terms from models are inserted. In our
model we have this in the form of equation (8), using (6) to replace the shadow price and (2)
to replace the wage term. The result is
18

/

(8’)

In terms of growth rates, from Table 2 for falling gN we get a fall in the growth rate of ct,
because the growth rate of L/N is increasing and that of Y/L is falling. Finding the growth rate
for

is therefore a numerical problem for the growth rate version

The result from inserting parameter values from Table 1 and growth rates from Table 2 is
that gy is falling with gN because gh is falling according to Table 2 as do gc and g1+D. The last
effect is the dynamic first dividend, which mitigates the fall of the growth rates because of the
negative exponent. However, in models with dynamic optimization, falling (increasing) growth
rates, which determine the levels of the future, go together with increasing (falling) initial
current level values as is the case with the consumption share X in Table 2. The standard
decomposition (see Mason et al. 2016) in terms of our model is

Dividing the numerator and denominator of the first two fractions by Y we get
/
/
Using X = cN/Y and canceling 1-rb yields
(17)
The dynamic version obtained above then can be re-phrased as follows. The left-hand side
has a positive growth rate which goes down though with gN according to Table 2. The reason
is that, together with the increase in X, the growth rate of L/N increases (positive dynamic
first future dividend) but less so than the growth rate of Y/L falls (negative dynamic second
future dividend with a positive static counter effect in the level of X). In terms of levels, X is
higher when gN is lower;

increases according to (1) - (3) when the interest rate falls;

as h is given initially and has a lower but positive growth rate in the next period, the fraction
has a higher level and therefore

must be higher too in the first two periods; (1-e) is

higher because e is lower in Table 2. Thus, the straight line representing (17) in Figure 6 has
a higher slope when gN is lower. As (1-e) is higher, Y/L must be higher too; for the falling line
in figure 6, representing (8’), this means that it shifts up and to the right. C/N increases but
the short term effect on L/N depends on the strength of the shifts. As in (8’) σ is close to one
and both lines shift up with Y/L, the falling curve shifts up slightly less and the additional
effects of X and (1-e) in the upward sloping curve suggests that initial L/N is lower, while the
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growth rate is larger,19 both for lower gN. Thus in the early phase we have a negative first
dividend through lower L/N upon impact, which is a higher utility from leisure in our model,
and a positive second dividend upon impact through higher Y/L. Under sufficiently high
discounting the short term effect dominates and welfare increases as consumption, C/N,
goes up and disutility from work goes down. But if discounting is weak the lower growth rate
of C/N and the higher growth rate of L/N reduce welfare. A numerical analysis is required to
find the exact results for Figure 6 and for welfare.
C/N

L/N
Figure 6: Lower population growth leads to higher initial consumption per capita, and a lower
initial activity ratio, whereas growth rates for both go the opposite direction.
In the semi-endogenous growth model of Prettner and Trimborn (2017) initial and medium
term consumption is lower instead, because their closed economy model does not allow for a
quick increase in capital and in the medium run labour moves from output into R&D as
opposed to the long run where it does the opposite, both effects decreasing output. Instead
our model has immediately and permanently less labour in the human capital equation
because the economy can jump into the steady state because of the international capital
mobility. The different transitional properties of open and closed economy models therefore
have an impact on the second demographic dividend.
One implication of a lower initial L/N in connection with a lower e* from lower gN is that the
initial value of eL/N, time spent in education per head of the population is also going down
first before the higher growth rate of L/N indicated above dominates; this is plausible
because a lower population growth may come from a lower fertility and less children go to
school and relatively more adult people are present. In the short run lower population growth
therefore leads to lower investment in education. In response to that, in the long run eL/N
grows through the choice of less leisure and more activity, which partly goes into education.
This indicates that when the support ratio L/N grows education time per head of the
population also grows. Human capital, h(t), though, has a lower growth rate right from the
beginning and in the long run. An optimal choice of increasing labour supply over time
therefore leads to a lower growth rate of the dependency ratio and less technical change
after a fall in the population growth rate as it happened to occur in the early 1960s. Once
education and endogenous growth play a role, the traditional result of ageing going together
with capital outflow and lower interest (see Fehr et al. 2010, p.640) holds for higher initial
levels of ageing measured by N/L in Figure 6, but not in terms of growth rates, which go
down and lead to less growth of ageing and an optimal reaction of having a lower share of
time in education, e, as can be seen from Table 2.
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A higher growth rate is often associated with increasing female labour supply (Gordon 2012).
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Under endogenous labour supply lower population growth leads to more ageing in the short
run and less in the long run, whereas under exogenous labour supply growth there is no
counteracting effect in initial levels from optimization. This raises the question whether labour
supply was optimal in the past and will be chosen optimally in the future?
When population growth rates were falling before 1985, in particular in the 1950 and 1960s
those of labour supply also should have fallen, but this should have happened in a way that
growth rates of dependency ratios should get lower as they do in Table 2 above. Indeed this
happened partly through increasing female labour participation.20 However, later misguided
information regarding the level of pensions led to lower than optimal labour supply. The early
implications are qualitatively those of Figure 6, but sub-optimal. Once the mis-leading
information has been corrected after the year 2000 the optimal labour supply model is more
realistic. The later implications therefore are lower levels of consumption per capita because
of lower growth rates of consumption and higher levels of L/N because of higher growth rates
of L/N. In regard to technical change this may imply that, among other factors, it was pushed
upward when labour supply was growing slowly in the early phase of mis-leading pension
information but is slowed down when labour supply grows more strongly now.
In our data set for 1985-2010, population growth has no significant trend in Austria, Finland,
France, Sweden and the USA. Population growth rates are falling slightly in Canada,
Germany, Greece and the Netherlands; the strongest negative trend for Germany is
log(1+gN) = 0.0051 - 0.000259t, which is very small. Denmark, Spain, Ireland, Italy and the
UK have slightly positive growth rates. The highest is in Ireland with log(1+gN) = -0.001785 +
0.000922t. Overall these rates are very small and can be considered as approximately
constant as the left-hand side can be approximated by gN and one can find the number of
years it takes to have the slope term at the order of magnitude of 1%. Therefore optimal and
actual labour supply growth rates are approximately constant for this period21 and so are the
growth rates of the dependency ratio22 and education according to our model. No new
changes of population growth have to be added to the earlier ones from the 1960s for our
sample until 2010. For the whole OECD though there is a very recent increase in population
growth through reduced mortality.23
Even if population growth would become negative our model has a steady-state solution
shown in Table 2 to which it can jump because of the international capital mobility. This is
another major difference with the closed economy semi-endogenous growth model for which
there is no steady state anymore, R&D is given up successively and GDP per capita has a
higher growth rate with more negative population growth rates (Sasaki and Hoshida
forthcoming).
7 Consequences of lack of past savings
As a consequence of early retirement in response to low employment in the 1980s, less
pension savings have been accumulated.24 The reason is that pension savings financed
20

See Bloom et al. (2009).
The Netherlands are the exception here with a statistically significant fall in gL.
22
The exceptions here are the Netherlands and Ireland with a statistically significant increase in g1+D.
23
Lee and Mason (2010) analyse a series of combined changes of fertility and mortality rates.
24
Causes and consequences of retirement decisions are modelled by Echevarría (2004), Heijdra and Romp
(2009b), Aísa et al. (2012), Bloom et al. (2014), Prettner and Canning (2014), Heijdra and Reijnders (2016), Kuhn
and Prettner (2016), Hirazawa and Yakita (2017).
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early retirement in connection with declining industries instead of unemployment benefits
financing youth unemployment. Moreover, as demographic developments were foreseen
already in the 1970s, people got the policy advice to save money privately as the European
public pension systems would be insufficient to care for the old age phase. However, many
people did not earn more than what is in some countries a minimum wage and could hardly
save money privately. Finally, the middle classes, who saved money, and their semi-public
pension funds were surprised by the recent phase of low interest rates which stems partly
from ample money supply and partly from the low population growth and high pension
savings themselves. Our forward looking model25 captures this lack of cumulated savings
only in the initial value of current wealth Wt = Kt - Bt. The marginal productivity condition for
capital has a constant interest rate as soon as the solution for b = B/Y is found. Therefore the
right-hand side of the combination of (12b) and (12c) is also determined. This was already
taken into account when (15)’ was derived on which the solution for b is based. Constant
, indicates that a lower wealth/GDP ratio requires a higher
debt/GDP ratio for a given interest rate and this is mitigated if the interest rate increases
through a higher debt/GDP ratio because a higher marginal product of capital requires less
capital. In other words, the solution of the model implies that countries with lower current
wealth have higher debt and interest rates. In Figures 1 and 2, the higher interest rate from
more borrowing compensating lower current wealth would lead to an upward shift of the ge-e
curves and go to a higher education value e*. Higher education time therefore compensates
for low past savings. Similarly, in Figure 5 the ge=0 curve would be at higher values of b,
leading to intersection points with the gX=0 curve at higher values of b* and e*. This in turn
would lead to a higher position of the gb=0 curve in Figure 4, leading to a lower current
consumption share X*, which in turn is in line with a higher consumption growth rate following
from a higher interest rate. Shifting consumption forward is the price to be paid for a neglect
of pension savings in the past and its compensation through higher education today. In other
words, if ageing is characterized by low accumulated savings the interest rate will be higher,
not lower. Moreover, this adds to the list of answers to the ageing problem – female labour
participation, working more now or later through increasing retirement age (Bloom et al.
2010) – the suggestion of producing more endogenous growth as a second-best policy.26
From the perspective of convergence, a lower wealth leading to a solution with higher
debt/GDP ratio and higher labour time share in education leads to higher growth. The
widespread view that in the Lucas model all countries have the same growth rate does not
hold anymore with endogenous interest rates driven by foreign debt ratios.
Whereas for any population level N that may have been caused by low population growth
in the past an optimal labour supply can be chosen to correct sub-optimal supply in previous
periods, but the effect of lower own capital and a higher interest rate is permanent for the
country in question.

8 Ageing in the Frisch parameter and depreciation of human capital
One problem of ageing may come from a stronger dis-utility from work as workers get older.
Rather than using survival distributions we can simply assume that the Frisch parameter
25

Miles (1999) adds to this that unexpected and late announcement of pension reductions can also lead to a
lack of past savings.
26
The impact on the interest rate is taken into account by households, but the human‐capital externality in the
output‐production function is not.
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would get larger in an ageing society.27 The crucial point is how strongly elderly react to wage
increases. Equation (8) tells us that the labour supply elasticity in reaction to wages is 1/ϑ. If
elderly react more hesitantly to wage offers a higher Frisch parameter ϑ can capture this. For
alternative Frisch parameters the model can be solved again. The effects on all variables are
in the order of magnitude of hundredths of a percent (see Table 3). 28 Therefore this is
quantitatively of limited importance and not discussed in greater detail.

Employers are very much afraid of losing high-skill workers through retirement. This, and
also morbidity effects emphasized by Aísa et al. (2012), can be captured by a larger rate of
depreciation of human capital. However, in three-period models this is not possible in an
empirically realistic way because human capital is built in the first period, used in the second,
and depreciation by 100% occurs at the end of the second period. In our model, a higher rate
of depreciation say from 3% to 3.3% decreases the yearly growth rate per worker by 0.007
percentage points. The solution of our model for alternative rates of human capital
depreciation can be found in Table 4. Time spent in education strongly increases and foreign
debt ratios and interest rates decrease.29 The net effect of higher depreciation rates and
more time in education is less growth of human capital30 and more growth of labour time in
education and work together. Therefore the dependency ratio has a lower growth rate, but
27

The labour supply decision of elderly people is discussed explicitly with emphasis on retirement age and
fertility by Hirazawa and Yakita (2017). The authors suggest the possibility of getting a higher fertility rate as a
consequence of anticipated later retirement.
28
Gómez (2017) investigates the impact of the constant elasticity of factor substitution on the growth rates.
29
As growth rates are lower now, the surpluses or deficits both become lower in absolute terms. In the case of
deficits this implies that investments fall more than savings, but in the case of surpluses it implies that savings
fall more than investment; unlike panel data analysis with homogenous slopes (Kim and Lee 2008) there is no
unique direction for positive and negative imbalances but only for the absolute size.
30
Fertig et al. (2009) find a similar result in a regression for the age group 18‐21.
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also wages, GDP per capita and consumption have a lower growth rate. More education and
more labour supply growth mitigate the problem, but do not overcome it.31
In the estimates of Maestas et al. (2016,) a similar result is obtained by an increase of the
share of the population above age 60 by two percent. Moreover, the authors estimate that for
the period 1980-2010 the yearly growth rate of the GDP per capita of the population in US
states was 0.3% lower through ageing than without and 9.2% for the whole 30-year period.
We get a similar result in Table 4 if the human capital depreciation rate increases by 1.5
tenths of a percent, say from 0.033 to 0.0345%. Their expected growth rate of 0.7% for 20102020 and 1.3% for 2020-2030 would be obtained in our model roughly by depreciation rates
of 0.04 and 0.038 respectively. In our model, the growth of labour supply responds positively
and therefore contributes in a mitigating way. The growth rate of the dependency ratio then
falls to zero and gets negative if depreciation goes beyond 0.04. The labour growth rate then
gets higher than that of the population for the period of a high depreciation rate. For the
period of ageing households postpone their drift to more leisure according to our analysis.
Acemoglu and Restrepo (2017) show that there is no negative impact of the share of workers
above age 50 on the growth of GDP per capita in a cross section of OECD countries.
However, Aksoy et al. (2016; section 3.2) suggest a fall in the GDP growth rate through
demographic changes within ten years for Sweden by 0.39%, by 0.92% for the USA and
0.99% for Japan, and 1.12% for Canada on the basis of a panel VAR analysis using
employment data for eight ten-year age groups. All actual growth rates for the period 20002009 and growth rates calculated by the authors for 2010-2019 for 23 OECD countries can
be generated in our model through assumptions on the rate of depreciation for human capital
between 0.02 and 0.07. But the period of ten years suggested by them may be a bit too short
to get such a drastic fall. Our model includes one reaction of the economy in response to the
problem, which Aksoy et al. (2016) do not include in their empirical model, which is the
increase in the time share for education increasing the endogenous technical progress. And
we include two variables which they do not include in their theoretical model, leisure and
foreign debt with an impact on the interest rate, which both help adjusting to the ageing
problem or affecting the time length until it happens to occur.
Choi and Shin (2015) find a fall in productivity through ageing only if inherited human capital
is an average weighted with the strength of the vintages but not without weights. Older
vintages have a higher share in the aggregation of human capital across vintages under
conditions of ageing. The reason for a positive effect of ageing on growth under unweighted
averaging is twofold: (i) they have an elasticity of only 0.1 where we have 0.267 for time in
human capital formation; (ii) they have depreciation rates comparable to our formulas of 5 to
23 percent from young to old vintages, leading to almost no human capital near retirement
age. However, in technologically advanced countries employers worry about their retirement
and appreciate the skills of their older workers, which is at variance with the assumption of
high depreciation rates. A higher rate of depreciation through ageing then has a stronger
effect in our model than a shift to older generations in theirs. The authors correctly
emphasize that the way of modelling the intergenerational transmission mechanism is
important. However, our effort to calibration using the empirical work leading to figure 1 leads
to more realistic numbers of γ=0.267 and a depreciation rate of 0.03 as in Mankiw et al.
31

This is in line with Gordon’s (2012, 2014)) emphasis on cost inflation in higher education and weak
performance in education, which sees education more as a problem than as a solution to growth problems.
However, the labour and education scarcity caused by ageing may shift incentives also against these problems.

24

(1992). Ageing with positive growth effects seems to be unrealistic also for simple weighting
schemes. Other differences between their model and ours are as follows. Interest rates fall
more and wages increase more under a closed economy assumption in their model because
capital does not move out as it does in ours. As in our model, increased education time
works against the consequences of ageing, but the higher interest rate in our model
encourages education more than under autarky, although the effect of a higher rate of
depreciation through ageing remains dominating.

In sum, it seems that of all effects of ageing considered in this paper, human capital loss
through retirement captured by human capital depreciation has the strongest and most
plausible effects in line also with other recent studies. Ludwig et al. (2012) have shown that
human capital adjustment is an important mechanism reducing the welfare loss. In our case
human capital is transferred across generations and therefore the growth rate reduction
through higher depreciation are much larger than in life-cycle models. In addition, foreign
capital flows out and reinforces the effect.
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Unlike these papers our modelling strategy has de-emphasized the role of age brackets.
Tasks can be shifted to younger and older persons when scarcity comes up.32 The loss of
human capital used as an indicator of ageing here is not tied to certain specifications of age
brackets and not only to innovation but rather to productivity and its growth of the whole
production.
In regard to the reaction of the savings or consumption ratios to ageing in the three forms
considered in Tables 2-4 there is no clear result here as both are endogenous in the form of
the consumption ratio X and the growth rate of dependency ratio g1+D. The relation depends
on the exogenous change under consideration (see also Curtis et al. 2017). When population
growth is varied in Table 2, a higher growth rate of the dependency ratio leads to a higher
savings ratio. If the Frisch parameter is changed in Table 3, a higher growth rate of
dependency leads to a higher consumption ratio. If the depreciation rate is varied in Table 4,
a higher growth rate of dependency leads to a higher savings ratio. As the effects of the
Frisch parameter are very small it follows that savings decrease with ageing at the moment
of increasing depreciation of human capital. Once this phase is over and depreciation rates
go back to former values savings rates will go up again.33
A similar result can be seen for interest rates: with falling population growth and increasing
human capital depreciation interest rates are decreasing, but with increasing Frisch
elasticities they are increasing. If the increase of depreciation rates is most important while
population growth rates have become fairly stable in the OECD and changing Frisch
elasticities have hardly any effect, then second-best optimal interest rates are going to fall
according to our model.34 It puts stronger emphasis on the effect of growth on international
capital movements in interest rate determination than the closed economy reasoning of
several papers in the literature and therefore the effect of ‘demographic trends on real
interest rates‘ (Aksoy et al. 2017) may become a bit less of a puzzle.

9 Summary, conclusion and suggestions for further research
We extend the open economy version of the Uzawa-Lucas endogenous growth model in
regard to imperfect capital movements, human capital depreciation, and endogenous labour
supply.
We find multiple steady states for a given interest rate of the economy, but a unique one
when estimated debt-dependent interest rates are endogenous.
A decrease in population growth as it happened to occur in the OECD countries in the early
1960s leads to a lower dependency growth rate and time share of active people in education
but an increase in the growth rate of the education time per head of the population. The
dividends from lower population growth go in opposite directions in the short and the long run
with per capita welfare increasing in the short run, through lower labour supply and more
consumption, and decreasing in the long run because the growth rates go into the opposite
32

Some tasks can probably be taken over by industrial robots (Acemoglu and Restrepo 2017). However, there
timing perspective for robots focusses on 2025 whereas that of retirements focusses usually on 2040.
33
Similar ideas on u‐shaped or humped shaped temporary effects are formulated in empirical approaches by
Irmen and Litina (2016) in regard to patenting activity or numbers of researchers and old‐age dependency
ratios, and Aksoy et al. (2016) for ten‐year age groups.
34
The impact on the interest rate is taken into account by households, but the human‐capital externality in the
output‐production function is not.
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direction than the early level effects. Less growth leads to less debt, lower interest rates and
higher consumption shares.
Moreover, a lower wealth/GDP ratio due to early retirement and lower pension savings in the
past lead to higher interest rates and optimal education and growth rates, and shifts
consumption into the future.
Central arguments in the public debate are increases in the retirement age and other
alternatives of using more labour from reserves like unemployment, part time work and
female labour participation. We have subsumed all these arguments under the labour supply
variable. Making them explicit would require modelling many heterogeneous households female/male, part-time/fulltime, employed/unemployed – and each of these phenomena
could be caused either by the demand side or the supply side of the labour market or both.
By implication we would need many differently modelled households supplying labour. This
can be a strong increase in costs for the researcher and for the readers. It is questionable
whether the additional insights can justify the costs from this more detailed modelling, as the
business press estimates the effects of these labour market reserves to be not more than
twenty percent of the labour force or ten percent of the population while the problem is that of
ageing turning a situation of two active workers per one retired into the opposite, one active
worker per two retired. For the time being we think that analysis of endogenous labour supply
in its aggregated form is sufficient, because the need to retire later is uncontroversial in
science. This is different in politics, where Germany and the Netherlands go to retirement at
age 67 whereas France and Austria stay below an actual value of currently age 60 although
Austria has decided to go to 67. The major policy task here is to provide people with good
information in regard to expected pensions and remove life time discrimination from the
current European retirement rules. If this is done the attitudes towards working can be
captured by the Frisch parameter in the standard labour supply model. The effect of varying
Frisch parameters has been shown above to be very limited though. It cannot be the root
cause of an increase or fall in labour supply. An open issue here is whether or not changes in
risk attitudes related to ageing (Sunde and Dohmen 2016) change the labour supply model.
The above mentioned labour market reserves may contain more low-skilled people whereas
the scarcity in the labour market is more in the high-skill segments. Adding a second skill to
our model would allow linking the model to skill biased technical change and adding a third
skill we could look at the relation with wage polarization.35 Skill-biased technical change also
points into the direction of having more education. However, in the effort of testing this
through explicit modelling one would expand the model by way of adding two labour market
quantities, two wages, two human capital production functions, which have to be linked to
productivity modelling. This would increase the number variables and equations of the model
considerably. If this is tractable one could get insights into the distribution effects regarding
low, middle and high skilled wages. But we would not expect that our results would be
changed – except for adding distribution effects of course - because the basic idea that initial
labour scarcity through a higher (lower) initial level and a lower (higher) steady-state growth
rate of ageing is treated by way of reducing (enlarging) the growth rate of its efficiency factor
is likely to be extended to all three skills. What matters mostly then is the depreciation of
human capital when ageing enhances it. This has a strong effect on growth in our model and
the optimal policy is to increase the growth rate of overall labour supply and incur the cost of

35

See Vallizadeh et al. (2015)

27

putting more labour into education.36 This reduces the growth rate of the dependency ratio.
The increase in labour supply growth will not only come from reserves but also from full-time
workers working more hours in response to increasing wages. This in turn will lead to a lower
growth rate of wages. As the growth rate of GDP per capita will fall the welfare cost of ageing
are likely to be higher than in models with exogenous productivity growth (see Ludwig et al.
(2012).
Going from human capital models to R&D models would not change much, because labour
(and capital in a lab-equipment model; Rivera-Batiz and Romer 1991) then would produce a
growth rate of the number of intermediates rather than human capital, both of which
represent technical change in their respective model class. In semi-endogenous growth
models, there is most likely a similar impact of reductions in population growth on the longrun growth rate as shown by Prettner and Trimborn (2017).37 A difference is that under
almost perfect capital movements there may be no transition, which distinguishes their paper
from ours. It is hard to speculate how this works out in terms of numerical results as long as
the models differ in (i) distinguishing or not between labour and population, a pre-condition
for analysis of ageing, and (ii) having international capital movements leading to different
transition processes compared to closed economy models, and (iii) zero or positive growth
rates in case of no population growth. Ultimately, including human capital makes these
models similar to the Lucas model used here. Neither fully nor semi-endogenous growth
models should be ruled out according to the current state of evidence.
Another candidate for changing results or making them richer is the introduction of population
vintages and cohort specific survival laws as in Boucekkine et al. (2002) or in Cervellati and
Sunde (2013), who use survival laws with two and three parameters respectively. This would
allow analyzing the effect of population changes per vintage stemming from earlier years.
However, variations in death rates are small for more recent years. The implied loss of
human capital discussed above seems to be more important.
Finally, endogenous growth rates of the population through endogenous fertility in connection
with labour supply and growth, both endogenous, would lead to a differential equation in
fertility. Simulations can then treat fertility shocks as of fifty years ago. We will consider doing
this in future research.
It is clear though that all such modelling efforts would have to go through the same steps we
have done: adjust the models, find a good calibration, also with the help of estimations when
parameters are not readily available from the literature. Then, solving these models will again
have to deal with non-linearities, at least where linearization can distort the results. We hope
that our contribution helps making progress in this direction.

36

Romer (2001) discusses this type of policy for the USA in great detail. Heijdra and Romp (2009b) discuss
taxation issues that could increase or reduce retirement.
37
See also Prettner and Prskawetz (2010) on policy ideas in endogenous growth models, which are sometimes
parameter shifts, which are costless by assumption.
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