(| - UNITED NATIONS
2> UNIVERSITY

UNU-MERIT

Working Paper Series

#2012-079

Optimal multi-phase transition paths

toward a global green economy
Adriaan van Zon and Paul A. David

Maastricht Economic and social Research institute on Innovation and Technology (UNU-MERIT)
email: inffo@merit.unu.edu | website: http://www.merit.unu.edu

Maastricht Graduate School of Governance (MGSoG)
email: info-governance@maastrichtuniversity.nl | website: http://mgsog.merit.unu.edu

Keizer Karelplein 19, 6211 TC Maastricht, The Netherlands
Tel: (31) (43) 388 4400, Fax: (31) (43) 388 4499



UNU-MERIT Working Papers
ISSN 1871-9872

Maastricht Economic and social Research Institute on Innovation and Technology,
UNU-MERIT

Maastricht Graduate School of Governance
MGSoG

UNU-MERIT Working Papers intend to disseminate preliminary results of research
carried out at UNU-MERIT and MGSoG to stimulate discussion on the issues raised.



Optimal Multi-Phase Transition Paths

Toward a Global Green Economy

by

. *
Adriaan van Zon "

and

Paul A. David ?

First draft, August, 2012

1. UNU-MERIT, SBE Maastricht University
2. UNU-MERIT, Stanford University

JEL codes: Q540, Q550, 0310, 0320, 0330,0410,0440

Keywords: global warming, tipping point, catastrophic climate instability, extreme weather related
damages, R&D based technical change, embodied technical change, optimal sequencing, multi-stage
optimal control, sustainable endogenous growth.

Corresponding author. Email address: Adriaan.vanZon@MaastrichtUniversity.NL



1 Introduction

Economic growth thus far has been closely linked to the bulk conversion of energy stored in carbon
based fuels (wood, coal, oil, natural gas) into useful work.! Burning such fuels gives rise to CO2-
emissions. These emissions, together with other greenhouse gasses (GHG’s) like methane, are now
thought to be responsible for a considerable warming of the earth’s atmosphere in the present and for
years to come. That is bad news on a number of accounts: sea levels will rise, tropical diseases will
become more wide-spread, storms will be more violent, patterns of rainfall will change (affecting
agriculture), fresh water supply shortages will become a problem due to global glacier retreat, and so on.
Most of these changes represent significant costs to society.” There is much to be said then for avoiding
these consequences of global warming, by reducing emissions or by adapting to the new situation.

Adaptation will have to be part of the response to global warming, if only because much of the
warming induced by man-made CO2 emissions is still in the pipeline. With the current level of
(cumulative) emissions, it is doubtful whether global warming can be kept below an additional 2 degrees
Celsius compared to pre-industrial times. The latter is considered to be a threshold that should not be
crossed for fear of runaway global warming and corresponding runaway damages and the end of life as
we know it.

Unfortunately, the mere acknowledgement of the existence of a threshold is not enough to ensure
that CO2 and other GHG emissions will be sufficiently reduced. The BRICS countries have shown
astonishing growth figures during the last two decades, and they feel entitled to welfare levels
comparable to those in the West. It goes without saying that the West also feels entitled to such welfare
levels. As a consequence, the provision of energy will have to keep pace with the continuing desire to
grow. Unfortunately, many of the new power production plants currently built in China are coal fired
power plants, which is the worst possible option from a CO2 emissions point of view.? At the same time,
the tsunami disaster in Fukushima has forced governments to reconsider nuclear energy as a relatively
carbon extensive power source. Only recently, the German government has announced to close down a
number of nuclear power plants, and it is feared that this will entail a switch towards coal-fired power
production again. However, the problem with coal fired power plants is that once they are there, they
will be active for at least three decades or more, because these types of investments are irreversible in
practice. In short, there are strong political pressures that tend to lead to a larger consumption of
carbon-based energy which causes a persistent threat of runaway climate change.*

But even though we seem to be almost unavoidably heading towards a problematic climate
future, it would be interesting to know first what economic theory has to say about combining the
desire to grow with the ‘need’ to avoid disastrous climate change and what to do to end-up in a
sustainable growth situation instead, and secondly what the role of both existing and new technologies

1.e. work in the physics sense of the word.

2 See, for example, the Stern Review (Stern, 2006) for an extensive overview of the causes and consequences of
climate change. See also (IPCC, 2007).

* The energy content of coal is 32.5 MJ/Kg while that of natural gas is 53.6 MJ/Kg, implying that the amount of
energy per unit of CO2 is about 65 per cent larger for natural gas than for coal. (cf. Wikipedia, Energy Density).

4 Obviously, such a threat may be mitigated by fundamental changes in lifestyles, at least for the well-to-do part of
the global population. But it is hard to imagine that this will be politically acceptable, and so we will have to rely on
‘technology’ as a ‘savior of last resort’.



and their embodiment in irreversible investment may be in such a transition process towards sustainable
growth, and third whether such a process would be technically and/or politically feasible at all, within
the limits set by the existence of an irreversible climate change threshold (further ICCT for short). If not,
we may have to prepare ourselves for an interesting endgame.” If so, we should at least think again and
try to take better informed decisions.

Investment (either in knowledge or in hardware) is the ‘conditio sine qua non’ for a successful
transition towards a sustainable future. The transition towards sustainability will therefore be
determined by finding the right balance between two important aspects of investment: on the one hand
we have to face the fact that the irreversibility of investment implies a certain degree of inertia to
change, while on the other hand investment is literally the carrier of technological progress and so
‘enables’ (productivity-) change. This “double-role” of investment underlines the importance of the
timing of investment decisions: it is unwise to invest too early because one runs the risk of missing out
on potential productivity improvements still to come, and neither should one invest too late because of
the rising opportunity cost of continuing to use old technologies instead of new, superior, ones. This
setting naturally gives rise to such questions as how long to continue using and investing in present
carbon based technologies, how much and how long to spend efforts on improving ‘new’ carbon free
technology, and when to stop improving such carbon free technologies and start implementing and using
them, this all in the face of having to stop cumulative emissions just in time and just below the ICCT.

To find answers to these questions, we formulate an optimum control model that borrows
heavily from the AK-model from the endogenous growth literature (cf. Rebelo (1991) in particular), but
that also expands upon this AK-setting in a number of ways. First, we allow for different technologies
that can be used either next to each other or sequentially. Secondly, a technology is characterized not
only by its capital productivity, but also by CO2-emissions per unit of capacity used. Obviously, a carbon
free technology will not only be characterized by a zero emissions coefficient, but also by a lower capital
productivity.® Third, we allow for the deactivation of existing technologies, i.e. the ‘scrapping’ of existing
technologies, as in the vintage literature. We show how the time of deactivation of existing capacity
depends on technological parameters but also on emission characteristics, in combination with the
shadow price of emissions. The latter suggests that the position of the ICCT directly influences such
replacement decisions through its impact on the shadow price of emissions. A tightening of the ICCT (for
example if one would find evidence for runaway global warming occurring at less than 2 degrees
warming) would tend to drive up the shadow price of emissions, and would lead to an earlier
deactivation of carbon based technologies. Fourth, we allow for endogenous R&D based technical
change. This requires a specification of the R&D function that is different from the ones found in Romer
(1990), or Aghion and Howitt (1991), for example, because technical change in our model setting is not
meant to compensate for the loss in capital productivity resulting from capital accumulation under neo-

> See, for example, Dyer (2010) and Lynas (2007) on this subject. Lynas provides a journalistic view on the
consequences for the world of up to 6 degrees additional warming for each degree of extra warming, while Dyer
provides scenarios regarding the struggle for resources necessary to fulfil basic needs, like water and arable (and
habitable) land, as these are likely to arise with on-going global warming.

® The latter is a necessary assumption to make the model consistent with the observation that the present state of
the economy is characterized by the intensive use of carbon based energy rather than carbon free energy. If the
capital productivity of the latter technology would exceed that of the former, then the carbon free technology
would be superior to the carbon based technology on all accounts, which is not really the case.
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classical conditions, as in Lucas (1988) and Romer (1990), for instance. Rather, in an AK-setting, capital
productivity is constant by assumption, and so technical change specified in the usual way would
produce a continuously accelerating growth rate rather than just a higher, but still constant, rate of
growth. We will come back to this in more detail later on. Fifth, we explicitly focus on the timing of the
switches between investment in the one technology and in the other, and on the timing of the
deactivation of old technologies, since the deactivation and activation of technologies that differ with
regard to their emission-coefficients have a direct impact on the macro-emission rate and therefore on
the time left until the ICCT will be hit.

The model that we are going to present extends the relatively small literature that is concerned
with the optimal timing of switches between production technologies. Tahvonen and Salo (2001),
Valente (2009) and Schumacher (2011) are three examples. Tahvonen and Salo (2001) focus on the
timing of the switch between resource extraction technologies, based on differences in extraction costs,
while Valente (2009) focuses on the switch between two macro-production technologies in a setting
without any irreversible investment in production capacity. Moreover, Valente (2009) determines just
one optimal switching moment in a standard dynamic optimization setting involving a CIES utility
function, whereas the very requirement of the accumulation of physical production capacity BEFORE
production using that capacity can actually take place, implies that one should consider at least two
optimal switching moments, even if one has to switch between just two technologies.” Schumacher
(2011) focuses on the timing of a switch towards a renewable resource regime induced by the increasing
probability of climate disasters under a non-renewable production regime. However, he employs a
production structure in which renewables and non-renewables form a ‘complex’ of perfectly
substitutable inputs that together with ‘generic’ capital produce output. Schumacher therefore ignores
the embodiment of technologies in technology specific capital goods and so downplays the need for a
sufficient amount of time to build-up the carbon free capacity required to satisfy future consumption
and investment needs. A recent paper is that by Boucekkine et al. (2012) who provide the theoretical
backgrounds for formulating an optimal control resource extraction problem with irreversible ecological
regimes.

The present paper summarizes part of the work conducted by the authors on the construction
(and further extension) of a multi-phase transition model that incorporates the notion of embodiment of
technical change on the one hand, the irreversibility of investment decisions, and the fact that the
‘smooth’ transition toward a carbon-free future will need to be prepared by means of the accumulation
and subsequent run down of carbon-based production capacity, simply because capital, whether carbon-
based or carbon free, is a produced means of production. The focus of the present paper is therefore on
the selective build-up and deactivation of different types of capital stocks, the time this takes, and the
implications this has for the development over time of welfare specified in terms of the flow of
consumption.

The setup of the paper is as follows. In section 2, we present a description of the optimum control

model. We provide four different versions. The simplest version, called the Basic Model (BAM for short),
contains just two technologies, a carbon-based one and a carbon free technology, and we look at the

” There must be at least three phases: a pure carbon phase, a mixed carbon and carbon-free phase and a pure
carbon free phase. The simple reason is that capital is a produced means of production, and the very first units of
carbon free capacity must be produced using carbon based capacity if we start out with a pure carbon phase first.

4



timing of the various activities that need to get us from the business as usual situation which is carbon
intensive to a carbon free sustainable future. In the second version we add endogenous R&D driven
capital augmenting technical change to BAM. This version is called BAM+R&D. It can be shown that
BAM+R&D and BAM have both three phases. However, the way in which decisions in each phase are
linked together will differ in both models. The final version is called BAM+R&D+UCL and it extends the
BAM+R&D model by allowing for extra weather related damages. We implement this by introducing
another cumulative emissions threshold, above which technical decay occurs at a faster rate, due to
increased weather related damages. In section 3, we present the outcomes generated for the three
versions of the multiphase transition model. In section 4 we provide a summary and some concluding
remarks.

2 The Model

2.1 Introduction

We use the simplest possible endogenous growth setting in which we have two broad (linear)
technologies. One of them is an established technology (called the A-technology) with a relatively high
productivity of capital that uses carbon based energy and that produces CO2 emissions in the process. As
stated, these emissions add to the stock of GHG’s and so affect the probability of the world getting into a
situation of runaway global warming and catastrophe in the end. The alternative technology (further
called the B-technology) does not generate CO2 emissions, but has a relatively low capital productivity
that needs to be further developed (through R&D) and scaled up (through investment in physical capital)
to a level in which it can contribute significantly to the consumption needs of the population at large.

The simplest possible growth setting that allows a relatively straightforward coverage of the
features directly above is that of an ‘AK+BK’-model, where AK reflects the old carbon based technology,
and BK the new carbon free one. We set-up a sequential Hamiltonian system in which we allow for
different phases in the transition from carbon based to carbon free production. In the first phase, called
the business as usual phase (BAU for short), only the AK technology is active, but the basic innovations
that together define the new BK technology have already been done. During the BAU phase the new
technology is not active because it is outperformed by the old technology, in the sense that using the
new technology would be relatively costly in terms of instantaneous consumption possibilities foregone.
However, as cumulative emissions grow, continuing to use the A technology becomes ever less profitable
relative to using the carbon free B technology.

A technology being active implies two things. First, the basic features of such a technology must be
known, while secondly these features are embodied in new capital goods. A technology can be de-
activated by not using the capital goods embodying that technology anymore. Because capital goods are
technology specific, this implies that a new technology can take over from an old one only by actively
investing in the capital goods that implement the new technology and by switching production from the
old to the new technology.

In such a setting characterized by linear production technologies and linear cost functions, it can be
shown that it is not optimal to invest in both technologies at the same time, if these technologies differ
with respect to their net productivity (i.e. net of depreciation). The reason is that a unit of investment for
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both technologies would represent the same marginal cost in terms of consumption forgone, and so the
technology with the highest net marginal product, would generate the highest net marginal welfare gain.
Hence, if investment in the A technology is taking place, then investment in the B-technology will be zero
and the other way around. We will also allow for the possibility that there is a phase in which no
investment in A takes place, even though the existing capital stock is used to produce output while
investment in and production using the B-technology is happening at the same time. This second phase
will therefore be called the joint production phase (JPR for short). In the final phase, only investment in
and production with the B-technology occurs, while the A-technology capital stock has been deactivated
at the beginning of that phase. This is the carbon free phase (CFR for short).

BAU JPR CFR
E
L
,l
A /
B
ot
()I-I' ————"
4
. — " —
TCFR a0

Figure 1. Transition Phases

The effects of the production and investment activities during the separate phases distinguished
in the model can be summarized as in Figure 1. TBAU, TJPR and TCFR mark the moments in time at which
the BAU, JPR and CFR phases begin. In the BAU phase, the cumulative emissions (labelled E) are
increasing exponentially as the stock of carbon based capital is growing. In the JPR phase investment in
technology A stops, and output using technology A (i.e. Y*) is at its maximum level but starts to decrease
over time, because of technical decay. The stock of technology B capital is built up from scratch starting
with the arrival of the JPR phase. Production using technology B (i.e. Y?) is at full capacity and
exponentially increasing during the JPR phase. Cumulative emissions are still increasing, but at a
decreasing rate as the stock of carbon based capital is run down. During the JPR phase, total output is
still growing, but at a slower rate than the growth of Y2. Phase CFR starts when cumulative emissions £
hit the cumulative emissions threshold E. During the final phase, only investment in and production with
technology B is possible. Because the threshold has been reached, carbon based capital needs to be
discarded. This leads to a drop in output, since production using the A technology ceases, even though



there is still a positive amount of carbon based production capacity available. Hence, total output jumps
from point | to point Il and starts growing from the latter point again during the CFR phase.

It should be noted that the various phases in the model are qualitatively different. The first
phase, i.e. the BAU phase, uses a high growth technology which unfortunately quickly raises the stock of
cumulative CO2 emissions that is bounded from above by the ICCT. Before cumulative emissions will hit
this threshold, investment in carbon free technology must have taken place during phase JPR to bring
carbon free capacity up to a level where the switch from carbon-based to carbon free technology would
not force changes in consumption levels that are too disruptive. The latter is implied by our assumption
that consumers dislike consumption shocks (they want to smooth changes in consumption patterns over
time to some extent, given the fact that they have a positive coefficient of relative risk aversion (i.e. 8)).
From TCFR onwards the world is “green”, and will have to grow at a relatively low but CO2 emission free
rate.

In addition to the Basic Model, we implement two other versions. In the second version of the
model, the productivity of the new technology can be improved through (endogenously determined)
R&D before investment in the new technology takes place. The final version combines the endogenous
R&D features with the existence of an emissions threshold that, once past, pushes the world into a high
weather related damages regime/phase. The latter regime-shift is modelled by means of a one-time
jump in the rates of technical decay. This regime change has an impact on the shadow price of emissions,
and so feeds back to investment decisions prior to the high-damages switch point.

Using these models, we’ll try to find out how R&D in combination with the embodiment of
technology in investment in the face of the existence of (a) climate threshold(s), will determine the
timing and the length of the various phases distinguished in our model.

2.2 The Basic Model®

The endogenous growth framework of BAM borrows heavily from the AK-model by Rebelo
(1991). However, contrary to the original AK-setting, we distinguish between two types of capital: carbon
based, or carbon based, capital further denoted by K, and carbon free, or green, capital further denoted
by K. The capital stocks in this model are subjected to exponential decay at rates &, for x € {4, B}.
Because of the linearity of the production functions in an AK-setting, and since one unit of capital takes
one unit of consumption foregone for the two technologies distinguished, it follows that there will
always by investment in just one type of capital at the time. Hence, gross investment in a particular
technology is either equal to zero, or it is equal to total savings. Welfare in this setup comes from
consumption only, and we use the CIES intertemporal welfare function to describe the total flow of
welfare over time. The activities during the different phases are summarized in Table 1.

8 BAM for short.



Activities BAU Phase JPR Phase CFR Phase
Investment Iy >0 Ig >0 Iz >0
Production Yy =A.K4 Yy =A.Ky4 Y,=0
Y = B.Kp Y = B.Kp
Capital Ky=Y,— 64K, —C Ky =—8,.K, Kg =Yg —05.Kg — C
Accumulation Kg =Y, +Yy —65.Kg—C
CO2 Emissions E=¢.K, E =¢4.K, E=0

Table 1. BAM activities

In Table 1, I, refers to the amount of investment in capital of type x, where x € {4, B} refers to
‘carbon based’ capital and carbon-free capital, respectively. Similarly, Y, refers to the flow of output
using K,, where K, is the stock of capital of type x. We also assume that Y, is proportional to Kx with a
constant productivity of capital as a factor of proportion. Typically, we use A and B to denote the capital
productivities of technologies A and B, implying that Y,=A.K,, etcetera. Finally, the instantaneous flow of
CO2 emissions is proportional to the capital stock in use with a constant factor of proportion ¢, for
x € {A, B}. Obviously, eg = 0. Note that when production on some type of carbon based capital ceases,
this very fact initiates another phase, since this introduces a difference between the composition of
activities between phases J and F. So Y,=0 implicitly defines the arrival time of phase F, and the scrapping
of carbon based capital at t=TF.

2.3 BAM: the intertemporal optimization setting

It should be noted that the fact that the final phase of BAM is a pure AK-setting, allows us to
obtain the optimum consumption path for the CFR phase directly, given the initial value for K,?F.g As a
consequence, we can immediately derive the optimum time path for welfare during the CFR phase for a
‘given’ initial value Kgp. The welfare generated during the CFR phase depends therefore on the terminal
value of Kz at the end of the JPR phase. It follows that the distribution of a state variable over the entire
path is optimal when the marginal costs of having to deliver an extra unit of the state variable in its role
as a terminal value at some time t* is exactly matched by the marginal benefits that this extra unit of the
state variable generates as the initial value for the optimum continuation from t*. Since these marginal
benefits and marginal costs are captured by the co-state variables (see Leonard and Van Long (1992), ch
4), the latter need to be continuous along an optimum path: states and co-states don’t jump.

An optimum path can be thought of as a combination of an optimum first step and an optimum
continuation (as in dynamic programming problems), which allows us to interpret our multiphase
transition model as a finite horizon optimum control problem with a free endpoint and a scrap value
function, as described in Leonard and Van Long (1992, ch 7, further called LVL7). This is the situation that
is of direct relevance in our case, since we do not know on beforehand when the next phase will start.
However, on an optimum path, postponing or extending a particular phase by an infinitesimal amount of
time, shouldn’t change the valuation of the entire path. LVL7 show that the derivative of the value

° See, Barro and Sala-i-Martin (2004), chapter 4 in particular.
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function (in our case the present value of total welfare) with respect to the terminal date (of a phase)
matches the value of the Hamiltonian at that date. This makes sense, as the Hamiltonian at some
moment in time measures the contribution to the value function of the optimal use of all resources
available at that moment in time. But in a sequence of phases, lengthening the one phase by a unit of
time implies shortening the next phase by the same unit of time. So we should keep on postponing the
arrival of the next phase as long as the Hamiltonian of the earlier phase exceeds that of the later phase.
The optimum switching moment between any two phases is therefore implicitly defined by the
requirement that the Hamiltonians of two adjoining phases must be the same when evaluated at the
moment of the phase-change. Again, this makes perfect economic sense, as the value of the Hamiltonian
at the end of the current phase can be seen as the benefits of expanding the current phase by a marginal
unit of time, while the Hamiltonian at the beginning of the next phase can be seen as the opportunity
cost of that expansion. In practice, the equality of the Hamiltonians evaluated under the conditions
relevant in either of the phases just before and just after a phase change, will result in a condition that
needs to be met by a set of states and co-states evaluated at the moment of the phase-change.

The differences in the nature of the activities at the moment of a phase change can be used to
implicitly describe the conditions that should be met at the moment of a phase change. For example, at
t=TCFR it must be the case that carbon based capital is deactivated. For t>=TCFR is must therefore be the
case that the shadow price of carbon based capital is zero, since the cumulative emission threshold has
been reached and carbon based capital can therefore not be used anymore and has become worthless
therefore.

2.4 BAM: formal structure

The overall welfare function consists of a summation of integral welfare derived from the flow of
consumption during the three phases distinguished in the BAM:

-p-t, 1-6

Tp e Pt(c)t~" o e Pt(c)r=?
S dt + [ F———2—dt+ [ ———dt (1)

Ty (1-0) Tr (1-6)

In equation (1) W, measures the present value of total welfare at time t=0, at which, by assumption,
phase U begins. In equation (1), p is the rate of discount, while 1/6 is the (constant) intertemporal
elasticity of substitution. C; is consumption at time t, while T, and T; are the moments in time at which
phases J and F begin. Given the exposition on intertemporal optimization above, the time paths that
would maximize (1) can be obtained by solving the time paths for the Hamiltonian problems that can be
defined for the individual phases, while linking those time paths together by means of the requirements
of optimum phase lengths (implying the equality of the Hamiltonians for phases U and J at t=TJ and for
phases J and F at t=TF). Effectively this comes down to maximizing (1) with regard to the flows of
consumption during each phase and with regard to the phase-lengths themselves, constrained by the
technologies that are relevant in each phase, by the stocks inherited from previous phases, and by the
thresholds that are relevant during the various phases. We will now solve the Hamiltonian problems for
each individual phase.



Phase U
Using the superscripts U, J and F to denote the phase to which a particular variable pertains,
while dropping the time subscript for ease of notation, the present value Hamiltonian HY is given by:

e—p't,(CU)l—G

U _
H™ = (1-9)

+2%, ((A—80) KY —CV)+ 2 ey K (2)

In equation (2), C is the only control variable, while K, and E are the state variables and A%Aand

/1}5’ are the corresponding co-states. As first order conditions we have:

ZFCI_Z =e Pt.(CU) P - }L%A =0>(CV = {e/"t ) /1%,4}_1/9 ;
%zA%A'(A_dA)-l-lg-sA:_j%A .
L (5
% =Ki = <(A —0a) - K — e A%A}_l/e) (6)
% — FU = €4 KAU .,

Equation (6) is obtained by means of substitution of equation (3) into the macro-economic
budget constraint which states that output is used for consumption and (gross) investment purposes.
Equations (4)-(7) constitute a simultaneous system of differential equations that can be solved forward
in time, given a set of initial values for the various state and co-state variables. This will give rise to
terminal values of those same state and co-state variables at the terminal date of phase U, i.e. at t=TJ,
the value of which is unknown so far.

Phase J

Phase J differs from phase U since investment in the A technology has stopped and that in the B-
technology begins. However, the carbon based capital stock K, is still used for production purposes. The
present value Hamiltonian for phase J, i.e. H', is now given by:

e—P'f.(C])l—G

I =
H (1-6)

+ e, (=8 K]) + 2, - ((B=6p) Ky +A-K] = C))+ My-eq K] (8)

As in the U phase, we have just one control, i.e. C’, but three states K, Kz and E and

corresponding co-states A{(A , A{(Band /1{5. As first order conditions we have:

aHJ —p. - ] i+ 4] 1/0

=€ (00 =N, =0 ={eft Ay, } (9)

oH/J .

W:A{(A-—6A+/1{<B-A+/1é-sA:—/1{{A (10)
A

oH/J .

ol = A, - (B —8p) =iy, (11)
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on/J

o7 =0="Jz (12)
% =K =-6,-K] (13)
ai’;; =K =(B-65) K. +A-K] —f{ert. A{(B}_l/e (14)
Z_;Z:E;]:‘gA'K“{ (15)

Equation (14) is again obtained by means of substitution of optimum consumption levels (as
given by equation (9)) into the macro-economic budget constraint. As before, equations (10)-(15)
constitute a simultaneous system of differential equations that can be solved forward in time, given
initial values for the various state and co-state variables. Note that the initial values in phase J for those
state and co-state variables that both systems have in common, are the same as the terminal values for
those variables at the end of phase U because of the continuity of state- and co-state variables along an
optimum path. For a given value of TF, this system of differential equations allows the forward
calculation of terminal values for the states and co-states at time t=TF, which will then function as the
initial values for the states and co-states during the carbon free phase.

Phase F

Phase F differs from phase J in that the carbon based capital stock is discarded, and consequently
the flow of CO, emissions drops to zero. From t=TF production is totally green. The present value
Hamiltonian for phase F, i.e. H , is now given by:

e—p~t,(CF)1—9

F __
H = (1-9)

+ 2y - ((B=6p) - KE = CF)+ 25 -0 (16)

As in the U and J phase, we have just one control, i.e. C,, but two states Kz and E and
corresponding co-state variables AﬁBand AE. As first order conditions we have:

oHF -1/6

= ePt. (CF)—G _ AZB =0>CF = {ep.t . ’123} (17)
o= ey (B— ) = —IE, (18)
s =0=—1 (19)
(;% = KE = (B—06p)-KE —fert- 25, )° (20)
SE=E =0 21)

As before, equation (20) is obtained by substituting equation (17) into the macro-economic
budget constraint. Again, equations (18)-(21) constitute a simultaneous system of differential equations
that can be solved forward in time, given initial values for the various state and co-state variables
inherited from phase J. However, in this case the terminal values for the states and co-states are
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implicitly described by the standard transversality conditions in an AK setting that require the present
value of the carbon free capital stock to approach zero at the terminal date, i.e. in this case at time
infinity. For cumulative emissions, the terminal value had already been reached at t=TJ, when
cumulative emissions hit the threshold.

Transversality conditions
For phase F the standard transversality condition (further called TVC for short) applies regarding
the value of carbon free capital at time infinity:

limg o Ay, Kge =0 (22)

where we have now added time-subscripts. Note that (18) can be integrated directly to obtain the time
path for Aﬁg,t which can then be substituted into (20) to obtain the time path for K,f,t. We get:

F  _ 9F —(B-8g)-(t-
AKB,t = AKB,TF . e~ (B=6p) (t-TF) (23)
_tp—(t-TF)(B—8B) -1/6 _TFp -1/6
F F
€ o 9'(’1KB,TF) e o 0'(/1KB,TF)

Kg,t = + e(t_TF)(B_ﬁB) (KEI‘T,TF - (24)

p+(6—1)(B—5B) p+(8-1)(B—8B) )

Equations (23) and (24) can be substituted into TVC (22), and we find that in order for TVC (22)
to hold we should have that:

p+(9—1{3(3—53) S0 (25)
_TEp -1/6
e 8 6-(A

KIIB:,TF - ( KB,TF) (26)

p+(6—1)(B—5B)

When substituting (26) into (24), we find that:

- - (B—8B—p)(t—TF)
Kg: = Kgrr-e 6 (27)

It follows from (27) that if the structural parameters are such that (25) is met and if we pick
consumption at time T¢ (hence )lﬁB'TF (see equation (17)) such that (26) is met, then the carbon free
capital stock will grow at the steady state growth rate (B — 8B — p)/6 from time t=TF.

Apart from the TVC above, we require that:

2 =0 (28)

KaTF

Equation (28) states that the shadow price of carbon based capital at the end of the J phase (so
at the moment it is discarded) should be zero, since having an additional unit of capital that will not
produce anything is useless and therefore worthless.

12



Finally, there are two TVCs that pertain to the optimum length of phase U and phase J, and that
require the equality of the Hamiltonians of the various phases at different points in time. For the
optimum length of phase U (given by the value of TJ, since TU=0 by assumption), we must have that

H¥J = H7]"]' while the optimum arrival data of the F phase is determined by the requirement that
H%F = H'T‘"F. Using the definitions of the Hamiltonians in (2), (8) and (16), as well as the FOCS regarding

consumption in (3), (9) and (17) together with the continuity constraints on states and co-states that
feature in both adjoining phases, we obtain implicit descriptions of the arrival dates of phases J and F,

given by:

] _ 9]
AKA,T] - AKB,T] (29)
ANy w = —EaMprp (30)

Equation (29) states that investment in the carbon based technology should stop at the moment
that the shadow price of the A technology is equal to (and then drops below) the shadow price of the B
technology. Since the marginal cost of obtaining a unit of capital is the same in both cases (i.e. one unit
of consumption foregone), equation (29) is consistent with the maximization of the (present value)
welfare surplus associated with investment. Equation (30) states that production using carbon based

capital should stop the moment that the benefits from continuing to use a unit of capital (the LHS of
J

equation (30), as one unit of capital produces A units of output, and each unit of output is worth AKB F

in present value welfare terms at t=TF) matches the cost of doing that (as given by the RHS of equation
(30), since one unit of capital produces &, units of CO2 emissions, each at a cost of —/1,]5,TF 19) "Equation
(30) is therefore consistent with the zero quasi-rent condition as an implicit description of the optimum
moment to scrap existing capacity known from the vintage literature (cf Johansen (1995), Solow et al.
(1966) and Boucekkine (2011), for example) that states that a vintage, once installed, should be
discarded as soon as it’s quasi-rents (consisting in this case of the present value welfare value of output
less total variable (emission-) costs, also in present value welfare terms) become negative.

2.5 BAM: Sequential numerical solution of the systems of differential equations

The three systems of differential equations, further called SU, SJ and SF, can in principle be
solved, as the initial and terminal values we have available for the state variables, and the TVCs that
provide either some fixed points for the time paths of the co-states (cf. equation (28)), or link the co-
states to a state-variable which time path has been fixed through a given initial value (cf. equation (26)),
or that links different co-states at some point in time (cf. equations (29) and (30)) provide exactly enough
information to obtain a fixed point for all time paths concerned. To see this, it should be noted that we
need to obtain fixed points for the time paths for three different state variables (KA,KB and E), and for
their corresponding co-state variables, as well as the optimum values of the phase lengths of phases U

19 Note that the shadow price of emissions itself is negative, since an additional unit of cumulative emissions would
reduce potential welfare rather than increase it.
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and J. Hence, for BAM we need 8 pieces of information. We have initial values available for KAK{O = I?A% )
Ké” =0, and EY = E{. In addition, we have a terminal value for cumulative emissions Ef; = EE..
The transversality conditions given by equations (26),(28),(29) and (30) then provide the rest of the
necessary information.

A numerical solution of SU can easily be obtained, conditional on some a priori values of
A%A'O, AY and TJ, given the initial values of KAl{O and EJ. The solution of SU then provides terminal values

for /1%“] and Ag_” that, on account of the continuity of states and co-states give rise to initial values

for SJ, since we must have that i, . = A Moy =Mr Kiny =K¥ry  Kip =0, Ef, = EY,. We

Kary’
only need an initial value for )1{(3 ry 35 well as an a priori value for TF to be able to calculate SJ forward in
time. That initial value is provided by the TVCs listed in equation (29). Given the a priori values for

A%A,O, A%, T) and finally TF, we are able to calculate the terminal values for A{(B'TF , Aé'TF , KE,{'TF and

E%F , Which, again using the requirement of the continuity of states and co-states, imply that K,’;TF =

J F _rl F — 9/
KB,TF' ETF - ETF’ AKB_TF - AKB_T
co-states, in combination with our guesses of the various phase lengths, can now be used to evaluate
the differences between the RHS and the LHS of the terminal constraint EXE = ETE and those of the

TVCs not used so far, i.e. of equations (26), (28) and (30). Obviously, if these constraints would be met by

- and g = Aé'TF. The time paths thus obtained for all states and

our a priori values of /111{,4,0' AY, TJ and TF, then we have found the solutions for all the time paths that
would maximize welfare. Being a guess, these differences will generally not be equal to zero, but we can
use a search method (so far we have used a steepest descent algorithm) to find the initial values that
would meet all the TVCs simultaneously.'® It should be noted that a similar approach can be followed for
versions of the model with more than 3 phases, as we will describe further below.

2.6 BAM+R&D: changes relative to BAM

A first modification of BAM involves the introduction of R&D driven endogenous technical
change with respect to the carbon free technology. We have made the assumption that it takes the form

" n fact, given the simplicity of our system, it is possible to obtain analytical solutions for all time paths, even
though these are in part quite intricate non-linear expressions involving hyper geometric functions. These integral
equations link the various initial and terminal conditions as well as the values of TJ and TF together through a
simultaneous system of non-linear equations. Using that system, we were able to find the fixed points for all time
paths by numerically solving the non-linear system for the fixed points. The time paths for each of the state and co-
state variables could then be obtained by substituting the numerical values thus found for the fixed points into the
analytical solutions of all time paths involving these fixed points. This procedure proved to work, but is rather
tedious and time consuming and it’s feasibility depended crucially on the simplicity of the model. Minor deviations
from the AK-set-up proved to make using the analytical method infeasible. This provided a strong incentive to use
the sequential numerical solution method outlined in the main text. Both methods do generate the same results, as
they should, but the sequential numerical method is much more efficient in terms of both obtaining the system of
differential equations to be solved, and finding the solution. Nonetheless, more work is needed to improve upon
the rather crude steepest descent search routine that we are employing at the moment. The latter converges
rather slowly, if at all, for the more intricate versions of the model extensions we have built up to date and which
are not reported here. Nonetheless, the numerical model does allow us to expand the model in ways that would
make it impossible to solve using the analytical solution approach.
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of increasing the value of B before the moment the technology is actually implemented, thus taking into
account the notion of the embodiment of technical change and the irreversibility of investment
decisions.

Since we are using an AK-setting, however, the standard specification for endogenous technical
change as used in the endogenous R&D literature is not readily applicable. For example, a Lucas (1988)
or Romer (1990) or Aghion and Howitt (1992) type of R&D function, would involve a specification such
as:

B:g-R-B (31)

where R represents R&D resources measured as consumption foregone. However, in an AK setting,
capital productivity is constant by construction, so that a continuous increase of the effective availability
of another factor (say knowledge, or human capital) is not necessary to keep the marginal product of
capital from falling as the economy is growing and capital is accumulating. If we would use (31) in a
simple AK-setting, then, disregarding problems of embodiment for the sake of simplicity, growth would
be explosive rather than steady. This is because for a positive value of R, capital productivity would tend
to grow, thus raising both the incentive to engage in R&D and the possibility to allocate the resources,
since the growth rate of output would be accelerating in the process. Hence, we have opted for a
specification of the R&D process that allows for a decreasing marginal product of R&D and for a growth
rate of B that asymptotically approaches zero for a constant positive allocation of R&D resources, so that
the incentive to engage in R&D will diminish over time. We have:

B=¢-R”-(B-B) (32)

where B is the asymptotic value for capital productivity and where ¢ >0 and 0 < £ <1 are constants.

Starting out with a basic idea that provides a value 0 < B, < B , the marginal product of R&D is falling as

R increases and as B increases, rather than rising with B.'?> The notion underlying the specification of (32)
is that the R&D process gives rise to discoveries of more efficient ways of doing things from a finite set of
unknown possibilities, as in a Platonic world, with one of these possibilities simply being the best (and

providing the value of B ). Equation (31) provides a principally different view, in that it allows for an R&D
process that actively creates new and better ways of doing things in an unbounded fashion, instead of
discovering the limited number of options that nature has been hiding so far.

Introducing (32) into the Basic Model gives rise to a number of modifications. First, the
Hamiltonian has to be extended by adding the value of increases in B due to R&D. Secondly, the macro-
economic budget constraint that describes the accumulation of capital has to be adjusted for the fact
that one unit of R&D resources R requires one unit of output (i.e. consumption or investment foregone).
Instead of just the one control variable C, we now have an additional control variable R, and an
additional state variable, i.e. B (the carbon free productivity parameter of BAM). B has become a state

2 Note that (32) is jointly concave in R and B (as opposed to (31)), which is a necessary condition for the welfare
maximisation problem to have a solution.
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variable since it can change as long as R&D is taking place, but must remain constant after R&D has
ceased. Leonard and Van Long (1992, ch.7) describe how the latter situation can be handled. Their

approach is to regard the Hamiltonian as a function of B, i.e. H(B), while substituting B=0 as the
dynamic constraint for B for the phases without R&D (in which B doesn’t change, therefore). In all
phases we have that the equation of motion for the co-state variable associated with B is given by
Ag =—0H /3B . The reason for explicitly specifying the dynamic constraints on the co-state for B during

the phases where B itself is not changing (because there is no R&D anymore) is that the terminal value of
B when the R&D process stops, will influence the generation of welfare in the following phases without
R&D. Thus, through the continuity of co-states and states, information about the future welfare effects
of having a high value of B in the joint production phase and in the carbon free phase, can influence
allocation decisions during the phase with positive R&D that would directly involve the trade-off
between R&D and other uses of output, like consumption and tangible capital investment.

Note that It can be shown that once a By is available, then it pays not to wait improving the B

technology by engaging in R&D (see Appendix A). Hence, without loss of generality, we may assume that
the basic idea underlying the carbon free technology is available from t=TBAU=0. In that case, R&D
should start at t=TBAU, and it should stop at t=TJPR, i.e. the moment that investment in the carbon free
technology commences. Consequently, the BAM+R&D model has the same number of phases as BAM.
For the BAU phase, assuming that R&D is done from the very beginning, three equations need to be

added, i.e.* 1y, =—0H /0B, B=¢-R”-(B—B) and dH/6R =0, while the capital accumulation
constraint must be modified, giving K”* =(A—6").K*-=C—R . In addition to this, the revised

Hamiltonian for the BAU phase is now given by:
H=e?".C"/1-0)+ A, {(A-5,)-K, —~C—R}+ A, -B . Since there is now an additional state
variable, there is also an additional TVC. As usual, we require that at infinity the present (utility) value of

B should approach zero, i.e. lim_ Az -B, =0. However, B =B,z Vt>TJPR, since R&D has

t—ow
ceased at t=TJPR, turning B effectively into a constant for t — o0, and so the additional TVC is reduced

to the requirement that lim /IB’I =0. Using (25), it can be shown that the latter TVC implies:

t—owo

F_  _pF a6 ._ 6
Anrr = Korr Ao Gy @17 33

It is hard to interpret (33). This goes a fortiori for the revised version of the transversality condition that
now determines the optimum length of the BAU phase. That TVC is now different from the one we had
before, since the R&D process is active during the BAU phase and inactive during subsequent phases.
Consequently, the Hamiltonians of the BAU and JPR phase evaluated at t=TJPR, will now involve terms
coming from the R&D function as well as the corresponding co-state evaluated at t=TJPR, resulting in a
complicated expression linking the various states and co-states together at t=TJPR. Because it cannot

B Note that for ease of notation we have dropped the time subscript and the phase superscript except where the
presence of the time subscript is needed.
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readily be interpreted, the expression is not given here. Note that (33) in combination with the initial
value for B, i.e. By, provide enough information to solve this revised system of differential equations.

2.6 BAM+ R&D+UCL

The final version concerns a combination of BAM and R&D that includes the introduction of a
weather related damage threshold. We do this as follows. Suppose that the damage threshold lies at
some value of cumulative CO2 emissions that is reached within the BAU phase. When the threshold is
reached, the jump in the decay parameters occurs. At this moment in time, the BAU phase is effectively
split into a low damage sub phase and a high damage sub phase. All the phases coming after the high
damage BAU phase are also high damage phases from then on. Again, this is a situation that is described
in Leonard and Van Long, where the regime shift from low damages to high damages initiated by a state
variable hitting a particular threshold, implies a jump in the corresponding co-state variable. (cf. LVL,
ch10). The only difference between the low damage sub phase of the BAU phase and the high damage
sub phase is of course a change in the values of the technical decay parameters. Since the rate at which
CO2 emissions are accumulated depends on production decisions, the moment in time at which the
damage threshold will be hit, depends on these very production decisions too. Hence, the arrival time of
the high weather related damage sub phases is subject to choice and therefore to optimal decision-
making. Consequently, we can optimally choose the moment at which the high damage sub phase will
arrive. We can do this again by requiring that the Hamiltonians evaluated at the moment of arrival of the
high damage sub phase will be the same at either side of its arrival time. This implies that this model will
have four different phases instead of three. It follows that we need to determine an extra phase length
in addition to the size of the jump in the co-state for cumulative emissions at the time of arrival of the
first high damage sub-phase. In addition to the given initial and terminal values of the BAM+R&D model
as well as the corresponding transversality conditions, we have an additional terminal value in the form
of the location of the damage threshold itself, in combination with the requirement of the equality of the
Hamiltonians at both sides of the damage phase change. It turns out that the transversality condition for
the arrival of the high damage sub phase during the BAU phase is given by:**

AIléA,TUH ) (5}11 - 5}1]) =€p- (Ag,’;]UH - Ag#uy) (34)

Equation (39) should hold exactly at the arrival time of the high damage sub-phase, i.e. at t=TUH.” In
equation (39), the superscripts H and L refer to low and high damage sub phases, while the superscripts
you refers to the business as usual phase. The RHS of equation (34) contains the jump in the shadow
price of cumulative emissions. It measures the change in the welfare costs associated with emissions per
unit of capital before and after the jump. The LHS of equation (34) measures the welfare cost associated
with the extra decay per unit of capital. Equation (34) implies the equality between the welfare cost of

" Obviously, the arrival time of the first high damage sub-phase could also be within the joint production phase.
But ate this stage we are mainly interested in reporting on the principles involved, which would be the same in
whichever phase the damages threshold would be situated.

> Note that TUH also denotes the end of the low damage sub-phase of the BAU phase. In that case, TUH comes
one instant before the value of TUH that represents the beginning of the high damage sub-phase of the BAU phase.
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using a unit of capital before and after the arrival of the high damage sub-phase. We conclude that the
jump in the co-state must be such that the welfare cost of using a unit of capital remains unchanged.
Since the depreciation costs are higher after the jump, the emission costs must be lower, implying a drop
(in absolute terms) in the shadow price of emissions. The latter is consistent with the observation that a
faster rate of decrease of the carbon based capital stock will lead to a reduction in the rate at which CO2
emissions are accumulated, other things remaining the same.

3 Outcomes
3.1 Model calibration

In order to show how the various models work, the parameters of the model need to calibrated
or fixed a priori. To this end we have made use of the Nordhaus RICE 2010 data®®, as well as some direct
assumptions, since the Nordhaus model and ours have a different nature. Nordhaus essentially uses a
neoclassical growth setting with just one phase, while we use an AK-setting with multiple phases. This
implies that simply copying the Nordhaus numbers into our model is not possible. In order, nonetheless,
to reproduce growth rates and saving rates that have about the right size, we have made the assumption
that the capital output ratio in the BAU phase is equal to 4, which is much higher than in the Nordhaus
model. Then again, our (implicit) notion of capital is much broader, since it may be thought to also
include human capital. We have also made the assumption that depreciation costs as a fraction of output
is 15 per cent. This number is relatively high too, but not unrealistic given the much broader capital
concept.

Using Nordhaus’ data on TFP growth as well as output per capita and population growth, we
arrive at an implied growth rate of output (and of capital in an AK-setting) equal to 0.03436. Using
equation (27) to derive the steady state growth rate in an AK-setting, we find that if we make the
assumption that output and (carbon based) capital stock grow a steady state rate equal to 0.03436, we
must have that:

A=84-p _

Sa
O 74 0.25x(1——=)— (11— _
Y=K~= T = 0.03436 = ( A) P — 0.25%(1—0.15)—p

6 0

(35)

In equation (35), we have used the assumption that depreciation as a fraction of output is 15 per
cent, implying that j—lf = % = 0.15. The latter implies that § = 0.15-4 = 0.15 - 0.25 = 0.0375. This

value for the depreciation rate is much lower than the one used by Nordhaus, who uses a 10 per cent
depreciation rate. Equation (35) implies combinations of 8 and p given by:

6 = 6.185 —29.104 = p (36)

%See http://nordhaus.econ.yale.edu/RICEmodels.htm for further details. In order to obtain observations for 2010
from the ones listed for 2005 and 2015 in the RICE data, we use geometrical interpolation.
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Plugging in the value p = 0.015 that Nordhaus also uses, we find that 8 = 5.748. This implies a much
lower intertemporal elasticity of substitution than is used by Nordhaus, who uses a value of 8 equal to
1.5. In both cases, however, 8 > 1, implying that felicity is negative, but rising in consumption levels.
Marginal utility would still be positive and falling, however. Since welfare is the integral over (the present
value) of felicity, welfare would be negative as well. We therefore added an additive term to felicity at all
moments in time equal to the negative of felicity at time zero. This is equivalent to an upward shift of the
felicity function to the positive quadrant. Since 8 is relatively large, felicity will be relatively small, and so
will be the present value of welfare. This implies that the numerical values of the co-states will be small
as well, since they represent the change in welfare due to a 1 unit change in the corresponding states.
For example, since Y,=68.95 trillion dollars of 2005, our assumptions imply that K,=275.8, but also that

1-6
C0=(1-s).Y0=49.16. Hence, felicity at t=0 is equal to Fy = C1° 7= —1.958 * 10~°. Therefore we have

added a multiplicative scaling factor to the felicity function as well equal to 10°, resulting in values for
states and co-states that are not many orders of magnitude apart.

Even though our implied intertemporal elasticity of substitution is rather low, in combination
with the other parameter values, acceptable values for both the growth rate, and the saving rate can be
generated. The implied value of the saving rate (s) is given by:

=@=§+%=0.287 (37)
With respect to cumulative CO2 emissions and the location of the climate tipping point in terms
of the cumulative emissions generated by our model, we have used the following procedure. From the
Nordhaus data, we can infer that the ratio between the concentration of CO2 in the atmosphere
measured in ppm and the concentration of carbon in the atmosphere measured in GTCs is given by:

ppm = 0.4695 * GTC => Appm = 0.4695 x AGTC (38)

where A refers to the first difference operator. The present concentration of CO2 in the atmosphere
amounts to 390 ppm.*® The preindustrial concentration of CO2 is 280 ppm. The climate tipping point is
generally associated with a temperature rise of 2° Kelvin above preindustrial levels. The equation
describing the relation between temperature rises and CO2 concentrations in ppm relative to some base
level is given by:"

ppm = ppmy - eAT/+78 (47)
In equation (39), AT represents the temperature rise relative to a baseline temperature at a baseline

concentration of CO2 given by ppmy. It follows that the tipping point at 2° Kelvin relative to preindustrial
levels is given by 280 -e2/428 = 446.8. For a 3° Kelvin temperature rise, the corresponding

17 t=0 refers to 2010. The data for 2010 are obtained by means of geometrical interpolation between the Nordhaus
data for 2005 and 2015.

'8 See the website on CO2 measurements on Mauna Loa, Hawaii http://www.esrl.noaa.gov/gmd/ccgg/trends/.

% see for more details http://en.wikipedia.org/wiki/Radiative forcing.
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concentration of CO2 would be 564.4 ppm. The current rate at which the CO2 concentration is rising
equals about 2 ppm/year.”® Assuming that this rate of increase will be growing at the rate of growth of
output, we find that the room to emit provided by the 2° Kelvin tipping point is equal to 446.8-390=56.8,
implying that there can be a further for 56.8/2=28.4 ‘2010 size batches’ of gross emissions until the 2°
Kelvin tipping point will be reached. According to Nordhaus, the gross emission rate in 2010 is about
10.63 GTC/year. Therefore, 28.4 batches of emissions represent 28.4.10.63=301.9 GTC of cumulative
emissions in total. A fraction (1-q) of these emissions will be absorbed by the environment, while the
remainder (q) will end up in the atmosphere. Using equation (37), the net emissions associated with a
rise in 56.8 ppm is given by:

68 _ 04 (48)

Appm = 0.4695 * AGTC xq =>q = 76953015 =

It follows that if we rescale current cumulative emissions to zero, the net emissions until the 2°
Kelvin tipping point would be reached is given by 0.4 %3019 = 120 GTC. Similarly, the extra net
emissions for 2.5° and 3° Kelvin would be about 240 GTC and 370 GTC, respectively.

For the value of output at the world level in 2010 we obtain the value 68.95 in trillions of dollars
of 2005, again from the Nordhaus data. This implies an initial capital stock that is 4 times as high. In that
case the flow of net emissions per unit of capital is given by:

10.63

= 0.0154 (49)
4%68.95

€4 =04 *
Additional a priori parameter values and adjustments

For the carbon free technology we have made the assumption that depreciation is equal to that
of the carbon based technology. In addition we have that in the Basic Model B = 0.12,B, = 0.12,B =
0.2. For the R&D function we have made the assumptions that § = 0.5, = 0.1.

Finally, we have adjusted the climate tipping point in order to have a business as usual phase
longer than just 5 or 10 years for the 2° Kelvin temperature rise. In fact, we have used a value of 325
GTC net which is consistent with a temperature rise of about 2.75° Kelvin. In order for the extra weather
related damages to occur within the business as usual phase, we have introduced the extra damages
threshold at a value of net cumulative emissions equal to 87 GTC (net).

3.2 BAM results

Preliminary parameter sensitivity analyses performed using the models show model reactions
that are familiar from growth theory. Changes in the rate of discount or in the intertemporal elasticity of
substitution all have the expected impact. This goes for the productivity parameters too. When emission
thresholds get tighter, the shadow price of emissions rises (in absolute terms). When productivity
parameters increase, so do the corresponding co-states of the associated state variables.

2% 5ee the website on CO2 measurements on Mauna Loa, Hawaii http://www.esrl.noaa.gov/gmd/ccgg/trends/.
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Interestingly, the linking of various sequential phases introduces anticipatory behaviour that
introduces transitional dynamics that are missing in an ordinary single-phase AK endogenous growth
setting. The results for the parameter set and the initial values presented in the previous paragraph are
listed in Figures 3.2.1 and 3.2.2.
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Figure 3.2.1 BAM baseline results for K, Kg and E

The first row of plots in Figure 3.2.1 show the outcomes with respect to carbon based capital KA.
The vertical dotted lines mark the arrival times of the joint production phase and the carbon free phase.
They are situated at TJ=23.78 and TF=40.17, implying that the business as usual phase takes slightly less
than 24 years, while the joint production phase is slightly longer than 16 years. The first plot shows that
the shadow price of carbon based capital steadily drops during both phases. The second plot shows the
build-up of carbon based capacity during the business as usual phase and the subsequent run down of
that capacity during the joint production phase. These events are mirrored in the third plot that shows
the instantaneous rate of change over time of the carbon based capital stock. We see that net
investment in carbon based capital accelerates towards the end of the business as usual phase, while it
becomes negative during the joint production phase, but less negative towards the end as the absolute
amount of capital lost due to technical decay is falling with the size of the capital stock still remaining.

The second row of plots shows the corresponding events for carbon free capital. Since the
accumulation of carbon free capital begins at the start of the joint production phase, there is now just
one dotted vertical that marks the arrival of the carbon free phase. It should be noted that net
investment in carbon free capacity is rapidly increasing during the joint production phase in anticipation
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of the drop in capacity that will occur at the time of arrival of the carbon free phase, as carbon based
capital will then be discarded. During the carbon free phase, net investment in the carbon free capital
stock is much lower than during the joint production phase.

The third row of plots shows what happens to cumulative CO2 emissions. They rise exponentially
during the business as usual phase. They keep on rising but at a rate that is slowing down during the joint
production phase, and remain at the threshold level during the carbon free phase. The corresponding
shadow price of cumulative emissions is negative (and constant), as expected.

In Figure 3.2.2 , we show the corresponding outcomes for the time paths of output (Y),
consumption (C), welfare (W), felicity (F) and the instantaneous growth rate of output (gY) as well as the
propensity to consume (PCONS). A striking feature of the Figure is the drop in output at the start of the
carbon free phase. No such drop can be observed in the level of consumption, however. All of the drop
in output comes at the expense of gross investment in carbon free capacity, as can be seen in the
previous Figure, and is apparent from the changes in the propensity to consume.
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Figure 3.2.2 BAM baseline results for Y,C,F and W
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The growth rate of output shows some anticipatory reactions to the changes that the arrival of a
new phase will bring. For example, during the joint production phase, the average productivity of capital
must fall, as the amount of relatively productive carbon based capacity decreases, and the amount of
relatively unproductive carbon free capacity increases. This hold a fortiori for the arrival of the carbon
free phase: when the remaining carbon based capacity is discarded, capital productivity suddenly drops
to the level associated with carbon free capacity. In order to mitigate the effects on the consumption
path of the corresponding drop in output, the build-up of carbon free capacity during the joint
production phase should be speeded up towards the end of the production phase. A similar pattern can
be observed for the build-up of carbon based capacity during the business as usual phase, as the build-
up of carbon based capacity also allows a relatively high rate of investment in carbon free capacity
during the next phase. Because capital is a produced means of production, a fast build-up of carbon free
capacity, requires, certainly in the beginning of the build-up phase, a large carbon based capital stock.

Note finally, that the rescaling of Felicity has resulted in both positive felicity and positive

welfare.
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Figure 3.2.3 Sensitivity results BAM
In Figure 3.2.3 we report the consequences for the shadow prices of cumulative

emissions and of carbon based capital of variations in the climate change threshold. . In Figure 3.2.3 , we
present the initial values for the co-states of cumulative emissions (AEMUTU), of carbon based capital
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(AKAUTU) of the length of the BAU phase (AU). We also report the effects for the length of the
business as usual phase. The length of the joint production phase is not affected, since it’s length can be
shown to depend on technological parameters only. In this sensitivity experiment we have varied the
threshold value over the range 125-375 which is consistent with a temperature rise range of 2-3 degrees
above preindustrial levels.

As stated earlier, a tighter thresholds induce a rise in the shadow price of emissions, in this case
a more negative value of that shadow price. Maybe somewhat unexpectedly, the shadow price of carbon
based capital rises as well as the threshold becomes tighter. This is a consequence of the fact that the
business of usual phase shrinks to just a few years, and it becomes extremely important to have enough
carbon based capital at the end of the business as usual phase in order to start building up carbon free
capacity at a reasonable pace from then on. One could say that the value attributed to the carbon based
capital stock is for an important part derived from the value of the carbon free stock that it is able to
produce.

As one can see from the third plot in Figure 3.2.3 which represents the length of the BAU phase,
the impact of a tightening of the emission constraint is considerable. In fact, for the 2° Kelvin rise in
temperature, the length of the business as usual phase would be less than 10 years.

The outcomes of the sensitivity results for the other variables of the model will be presented in a
different way. Each value within the range of threshold values generates its own set of time paths. We
will put all of these paths together in one plot, but they will be collared differently. Low values within the
emission threshold range will be associated with the low-frequency colours in the rainbow spectrum (the
red part of the spectrum), while high values within the emission threshold range will be associated with
the high-frequency (i.e. the violet) part of the spectrum. Intermediate threshold values will have a
corresponding colour of the rainbow spectrum.

Since the carbon free end-phase has a constant steady state growth rate, we can limit yourselves to
showing just the first part of the corresponding time paths, in our case until 75 years from now.
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Figures 3.2.4.A and 3.2.4.B show the time paths for the carbon based capital stock and for
corresponding net investment. As stated above, the red lines correspond with a tight emission constraint
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and the violet lines are associated with the loosest emission constraint. We can observe that as the
threshold becomes tighter the arrival of the carbon free phase is speeded up. Figure 3.2.4.A shows two
blocks of lines. The leftmost block is associated with the business as usual phase. The rightmost block is
associated with the joint production phase. Note that the endpoint of a particular time path in the
leftmost block coincides in time, but not necessarily in value, with the initial point of that same time
path in the rightmost block. In figure 3.2.4.B these points do not only share the same time coordinate,
but also the same value of the capital stock. This is because states and co-states do not jump, whereas
the time derivatives can. We see that looser emission constraints tend to lengthen the business as usual
phase. For a given length of the joint production phase, this implies that the arrival time of the carbon
free phase will be postponed by the same amount as the business as usual phase is lengthened.

There is a striking difference between the patterns for net investment of the carbon based
capital stock, and of the carbon free capital stock. As the emission constraint is loosened, the whole of
the net investment curve of carbon free capital is shifted upwards over the entire joint production
period. In the case of carbon based capital, however, a loosening of the emission constraint implies both
a lengthening of the business as usual phase and a downward shift of the net investment time path. At
the end of the business as usual phase, however, the downward shift is more than compensated by the
rise in net investment taking place over a longer stretch of time. The counterpart of this sequence of
events is shown in figure 3.2.4.G which shows the time paths of consumption. Here we see that the
longer business as usual phase calls for higher levels of consumption in the beginning, and
correspondingly lower levels of net investment in carbon free capacity.
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Figure 3.2.4.C K : Emax=125-375 Figure 3.2.4.D Kp: Emax=125-375

The implications for the level of the carbon free capital stock are shown in Figure 3.2.4.D. With a
tighter emission constraint the joint production phase comes earlier, while the capital stock which
reaches a lower level at t=75 and hence will also be lower at t = 0. Again, this is a consequence of the
fact that capital is a produced means of production: if the carbon based capital stock is limited in size by
the existence of binding cumulative CO2 emission constraints, then the implication is that the carbon
free capital stocks will be limited in size as well.
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Figure 3.2.4.E Cumulative emissions E : Emax=125-375

Obviously, limiting emissions shows up directly in the time paths of cumulative emissions, both
in terms of the value of the endpoints, but also in terms of the associated time coordinate, as can be
seen from Figure 3.2.4.E. Events for output are more interesting, since output in the most constrained
case reaches higher levels at the end of the BAU phase, but then loses out to the less constrained cases,
as shown in Figure 3.2.F below.

Figure 3.2.4.F Output : Emax=125-375 Figure 3.2.4.G Consumption : Emax=125-375

Output in the tighter constrained cases being taken over by output in the less constrained cases,
is not reflected in the time paths for consumption, as shown in Figure 3.2.4.G. Here consumption in the
least constrained case outperforms every other consumption time path: there is no taking over.

The overtaking mentioned earlier is reflected by the pattern of growth rates depicted in Figure
3.2.4.H. The values of the growth rate of output at the end of the business as usual phase are the same
for all threshold values within the range. However, the periods of time during which these growth rates
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affect the level of output are very different, so much so that the positive effect on the level of output
(see Figure 3.2.4.F) of an extension of the business as usual phase as the emission constraint becomes
less tight, outweighs the negative effect of the initial drop in the growth rate of output as emission
constraints become looser. The fact that the model converges to the same steady-state, but at different
moments in time, is reflected by the horizontal line in the rightmost part of Figure 3.2.4.H

ay w

Figure 3.2.4.H Growth rate Y/Y : Emax=125-375 Figure 3.2.4.1 Welfare W : Emax=125-375

The effect on welfare of looser emission constraints is positive as expected and as one can see
from Figure 3.2.4.1. In addition to this, the time paths are getting closer together in the vertical direction,
as emission constraints become looser, implying that the welfare effects associated with the trade-offs
between consumption and investment during the business as usual phase and the joint production
phase become more important as the business as usual phase decreases in length for a tightening of the
emission constraint.

3.3 BAM+R&D results

The base line results for BAM+R&D are presented in Figure 3.3.1. The length of the BAU phase
and the JPR phase are now 27.36 and 13.45 years. Hence, the arrival date of the carbon free phase has
been ever so slightly postponed relative to BAM (TF=40.81 for BAM+R&D and TF=40.17 for BAM), but
the main difference is in the relative lengths of the BAU and JPR phases. With endogenous R&D, the BAU
phase is lengthened from a value of 23.8 to 27.4 years, whereas the length of the JPR phase is reduced
from 16.4 in BAM to 13.4 in BAM+R&D. This is an illustration of the fact that accumulation of physical
carbon free capital with low productivity for longer periods of time (as in BAM) is a substitute for the
accumulation of high productivity carbon free capital for shorter periods of time (as in BAM+R&D) PLUS
the accumulation of productivity change through R&D prior to the JPR and CFR phases.
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Figure 3.3.1 BAM+R&D baseline results for K,, Kg and E

The big difference with respect to Figure 3.2.1 is the presence of the third row of plots that is
now associated with the capital productivity B of the carbon free technology. The shadow price of capital
productivity rises during the business as usual phase, and then falls. The reason why the shadow price
rises at first is that during the business as usual phase the capacity to produce carbon free capital that
will embody the new value of the capital productivity is rising. This represents an increase of the value of
doing R&D. But since the productivity of doing R&D is high for low values of the productivity of capital,
the corresponding impact on R&D levels is positive but limited, as long as B is relatively low. As B
approaches its asymptotic value, however, the level of R&D activity increases exponentially, but at a
relatively late stage in the business as usual phase. At the end of that phase, R&D activity ceases and B
remains at a constant level (below its asymptotic value) while the shadow price of B will be falling from
then on.
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Figure 3.3.2 BAM+R&D baseline results for Y,C,R&D,F and W

In Figure 3.3.2, we show absolute R&D expenditures (RD) as well as the percentage share of R&D
expenditures in total output. It should be noted that the exponential rise in R&D expenditures at the end
of the BAU phase is reflected by the slowdown of the growth rate of Y at the end of the BAU phase. This
is because net investment in the carbon based capital stock is slowing down as well to accommodate the
increase in R&D expenditures. Note that during the joint production phase, the rate of net investment in
carbon free capacity is significantly higher under BAM+R&D than in the BAM case because R&D in the
previous phase has raised the return to investment in carbon free capacity relative to BAM.

For BAM+R&D we have run the same sensitivity experiment regarding the location of the
cumulative emission threshold as for the BAM model. In Figure 3.3.3 , we present the initial values for
the co-states of cumulative emissions (AEMUTU), of carbon based capital (AKAUTU)and of the
productivity of carbon free capital(ABUTU), as well as the length of the BAU phase (AU) and the JPR
phase (A]). The plots for the initial values of the co-states of cumulative CO2 emissions, and of carbon
based capital are very similar to the ones we had obtained for BAM. The plots for the initial value of the
shadow price of carbon free capital productivity shows that tighter emission constraints tend to raise the
value of doing R&D, as expected. We also find that the length of the business as usual phase is increased
by a couple of years across the board. One of the reasons is that the R&D process itself being specified as
a concave function in R&D expenditures, introduces a tendency to spread R&D expenditures over time.
Hence, the longer the BAU phase, the higher the benefits that can be had from spreading R&D
expenditures. A striking difference with respect to BAM is that the length of the joint production phase is
no longer independent of the value of the emission constraint. In the discussion of the BAM results it

29



was mentioned that the length of the JPR phase depends on technology parameters only. The latter
were constant under BAM. Endogenous R&D activity now causes B to change over time.
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Figure 3.3.3 Sensitivity results BAM+R&D

In Figure 3.3.4 we show what happens to the development over time of carbon free capital
productivity when emission constraints get less tight. We see first that the business as usual phase
becomes considerably longer. We also see that the terminal value of carbon free capital productivity
rises, implying a permanently higher growth rate during the carbon free phase.
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Figure 3.3.4 Time paths of capital productivity B

It should be noted from a comparison between Figures 3.3.3.A and 3.3.5.A that net investment
in carbon based capital during the business as usual phase is stretched out over time as the emission
constraint gets less tight, while, moreover, the level of net investment in carbon based capacity is lower
under BAM+R&D than under BAM. Nonetheless, the terminal values of the carbon based capital stock at
the end of the business as usual phase are of comparable magnitude, but the time paths of the carbon
based capital stocks during the business as usual phase, are much closer together under BAM+R&D than
under BAM. This is immediately apparent from the fact that the first block of lines in Figure 3.3.5.A is
much denser than the first block of lines in Figure 3.3.3.A, implying a more even development over time
of the carbon based capital stock under BAM+R&D than under BAM.
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For the carbon free capital stock, however, the rate of net investment under BAM+R&D rises
more rapidly over time than under BAM, while, moreover, the periods during which the build-up of
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carbon free capacity is realized, is somewhat shorter. In all cases, however, the terminal value of the
carbon free capital stock in the JPR phase under BAM+R&D exceeds that of the corresponding terminal
value under BAM.
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The effect is of course that the terminal values of the carbon free capital stocks at t=75 under
BAM+R&D exceed the ones under BAM. In addition to this, we see that the spread in terminal values for
the carbon free capital stock at t=75 is much smaller under BAM+R&D than under BAM.

With respect to the time path of emissions, we see the shock absorbing nature of R&D activity at
work during the business as usual phase, since the time paths of cumulative emissions virtually coincide
for a large part of the BAU phase.

—

Figure 3.3.5.E Cumulative emissions E : Emax=125-375

The more even development over time under BAM+R&D than under BAM is also reflected in the
plots regarding output. The kinky growth patterns observed under BAM are far less outspoken under
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BAM+R&D (cf. Figures 3.3.5.& and 3.3.3.F as well as 3.3.5.H and 3.3.3.H). The same holds for
consumption (cf. Figures 3.3.5.G and 3.3.3.G).
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One difference between BAM+R&D and BAM is very noticeable by comparing Figures 3.3.5.H
and 3.3.3.H). First of all, during the BAU phase under BAM+R&D the average growth rate of output is
lower than the average growth rate under BAM. Secondly, under BAM+R&D, the average growth rate
slows down at the end of the business as usual phase. During the joint production phase, however, the
range of variation of the growth rate of output is much larger under BAM+R&D than under BAM, while,
moreover, the steady state growth rate under BAM+R&D is higher than under BAM and slightly rising as
emission constraints become less tight. All of this leads to a much more even development over time of
consumption, welfare and felicity, as can be seen by comparing Figures 3.3.5.G and 3.2.5.G as well as
Figures 3.3.5.I and 3.2.5.1. These Figures highlight the fact that having the possibility to change
productivity through R&D helps to fight the negative effects of tightening emission constraints.
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Figure 3.3.5.H Growth rate Y/Y : Emax=125-375 Figure 3.3.5.1 Welfare W : Emax=125-375
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3.4 BAM+R&D+UCL results

The results for this experiment have been obtained as follows. We have first made the
assumption that the high damage depreciation parameters are exactly the same as the low damage
parameters. In that case the model is reduced to the BAM+R&D model. Then we have introduced a value
for the damage threshold that was well within the BAU phase of the BAM+R&D model. For a threshold
situated at 87 GTC net cumulative emissions from current levels, the damage threshold was situated at

about 15 years from now.
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Then we performed a sensitivity analysis in which we varied the depreciation parameter for carbon
based capacity over the range 0.0375-0.075, i.e. twice the initial value. Because this model is so similar to
BAM+R&D, we do not report the outcomes of the climate change threshold here. Rather, we focus on
the experiment in which we account for extra damages for carbon based capital. The damage threshold
effectively splits the BAU phase into a low damage first sub-phase and then a high damage sub-phase.
The joint production phase and the carbon free phase will obviously also be high damage phases. The
length of the various (sub-) phases for a value of §§ = §% = 0.0375 are 15.36 for the low damage sub
phase of BAU (i.e. AUL), 12.0 for the high damage sub-phase of the BAU phase (i.e. AUH), and 12.83 for
the JPR phase (i.e. AJ). The sensitivity of the (sub-) phase lengths and the initial values for the co-states
of carbon based capital (AEMULTUL) and carbon free capital productivity (ABULTUL) is shown in
Figure 3.4.1.

It is clear from this Figure that a rise in the decay parameter in the high damage phase will bring
about a rise in the initial shadow price of emissions. This is also reflected in Figure 3.4.2 , showing the
shadow price of cumulative CO2 emissions.
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From Figure 3.4.2 it is clear that the jump in the shadow price of cumulative CO2 emissions is
reflected by a rise (in absolute terms) of the shadow price pertaining to the low damage sub-phase. From
the high damage BAU sub phase onwards, the shadow price remains unaffected by rises in the rate of
decay, suggesting an absolute rise of the shadow price as compared to the BAM+R&D baseline results.
The reason why this absolute rise happens is that the net rate of return on carbon based capital in the
low damage sub phase has risen relative to the high damage sub phase. Consequently, there is more
demand for carbon based capital during the low damage sub-phase, and therefore also more derived
demand for emission space. The relative rise in the rate of return to carbon based capital in the low
damage phase is reflected by the rise in its initial shadow price, as the rate of technical decay increases.
Note that higher damages also make doing R&D more profitable. This is because due to higher damages
a given volume of carbon based capacity will now produce less output, leading to a slower rate of
physical carbon free capital accumulation. The negative long-term carbon free capacity effects this has,
can be mitigated to some extent by making the lower volume of carbon free capacity more productive.
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This is exactly what can be observed from Figure 3.4.3. We see that higher weather related damages
tend to rotate the time path of carbon free capital productivity upwards, while, moreover, the arrival of
the joint production phase is brought forward in time, albeit only slightly.

A higher rate of decay also makes the business as usual phase slightly shorter, especially because
the low damage sub-phase decreases in length. The latter is caused by the fact that some of the
investment in carbon based capacity during the high damage sub phase is brought forward in time, as
can be seen in figure 3.4.4.A. In that figure, we see that the violet time paths are on top of the collection
of low damage sub phase time paths, whereas during the high damage sub phase of the BAU phase, they
are at the bottom of the collection. Note that the red time path doesn't show a break at all, because it
reflects the baseline of the BAM+R&D model in which there was no difference between the low damage
and the high damage sub phase of the BAU phase. A higher rate of carbon based capital accumulation in
the low damage sub phase ultimately implies a higher volume of the capital stock at the end of the low
damage sub phase. This would lead to a higher volume of capital to be discarded at a later date, unless
the accumulation process itself stops earlier than before. Note that during the joint production phase,
carbon based capital depreciates a lot faster than in the previous experiments.
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The forward shift in time of carbon based net investment shows up as a distinct kink in the high
decay parameter time paths. For a low decay parameters values, the BAM+R&D+UCL results are very
close to the BAM+R&D baseline results that are identical to the reddest time path in figure 3.4.4.B.

The results for net investment in carbon free capacity show very different behaviour for low and
for high damages. When damages are low, the rate of capital accumulation is rising exponentially over
time. When carbon-based capital damages are high, the rate of net investment in carbon free capacity is
initially higher than in the low damage phase, but at the end of the joint production phase the rate of net
investment is even slightly lower than at the beginning. The reason is that due to increased damages of
carbon based capital, the opportunity cost of investment in carbon free capacity have risen, since the
volume of consumption is lower than on the low damage time paths. See also figure 3.4.4.H, that shows
the time paths for consumption.
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The pattern in net investment observed in Figure 3.4.4.C is reflected in Figure 3.4.4.D, that shows
the slightly higher carbon free capital stock in the beginning of the joint production phase for the high
damage time paths, but after a while those high damage time paths show consistently lower levels of
carbon free capital than the low damage time paths. Moreover, under high damages the arrival of the
carbon free phase is postponed somewhat.

Figure 3.4.4.E Cumulative emissions E : 62 = 0.0375 — 0.075

In Figure 3.4.4.E, one can see that the extra net investment in the beginning of the business as
usual phase under high weather-related damage conditions rotates the cumulative emission time path
upwards for the largest part of the phases before the carbon free phase. The rate at which the flow of
emissions decreases on the high damage time paths is however, so large that the upward shift in the
beginning of the curve is more than compensated at the end of the curve, leading to an intersection of
the high damage cumulative emissions curve and the low damage cumulative emissions curve a few
years before the beginning of the carbon free phase.
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Figure 3.4.4.F. Output : 65 = 0.0375 — 0.075 Figure 3.4.4.G. Consumption : 6 = 0.0375 — 0.075

The time paths for output are provided in Figure 3.4.4.F. There is a major disruption when the
carbon free phase begins, but this doesn't really affect the development over time of the corresponding
consumption paths, as we have seen before, and now also in Figure 3.4.4.G. The only slight hiccup in
consumption occurs at the end of the high damage sub-phase of the business as usual phase.
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Figure 3.4.4.H Growth rate Y/Y Figure 3.4.4. Welfare W : 55 = 0.0375 — 0.075

Figure 3.4.4.H shows the time paths of the growth rate of output. For the high decay parameter
paths the drop in the growth rate of output at the beginning of the joint production phase is much

higher than for the low decay parameter time paths. Nevertheless, welfare is hardly affected, as can be
seen from Figure 3.4.4.1.
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4 Summary and Conclusion

In this paper we have presented a multiphase transition model that provides the optimum
investment rates necessary to make the transition from a carbon-based economy to a carbon free
economy. The transition must be made just-in-time because of the existence of a cumulative CO2
emissions threshold that, when passed, throws the world into an irreversible runaway global warming
regime. The irreversibility arises out of the existence of positive feedback-loops from global temperature
rises to methane releases from melting permafrost and from deep sea hydrates. Methane is a much
more potent GHG than CO2, and because so much of it is still stored in the permafrost and in the deep
sea one would prefer (presumably ex ante, but certainly ex post) to avoid its spontaneous and
unstoppable release at all costs. In order to model this, we have introduced a cumulative CO2 emissions
threshold in our model, above which the irreversible climate change is assumed to be set in motion.

A central issue in our model is the fact that the transition towards a carbon free production system
will require a switch in the deployment of production technologies, that will involve the build-up of
carbon free capacity and the simultaneous rundown of carbon-based capacity, simply because the one
type of capacity cannot be changed into the other type of capacity at little or no cost: a spade is indeed
the spade. Therefore we have opted for a model setting in which we allow for two technologies that
both can produce output, while one of these technologies produces CO2 emissions in the process. The
latter technology is relatively productive: it has a high capital productivity, while the other technology
has a low capital productivity but zero CO2 emissions. We use the setting of the AK endogenous growth
model by Rebelo (1991), but extend it to two technologies. We also introduce three separate phases of
production, each of them characterized by different technologies being active. It can be shown that, due
to the linear production technologies employed, there will always be investment in just one of the
technologies, even though output can be produced using both technologies simultaneously, as long as
there is still room to emit. The first of the three phases is called the ‘Business As Usual’ or BAU phase, In
which carbon-based capacity is still being built up, and the output produced is completely carbon-based.
At some point in time the next phase arrives, in which investment in carbon-based capital ceases and the
build-up and concurrent use of carbon free capacity begins. During that phase, production using carbon-
based capital continues but the production level falls over time as the capital stock is worn down due to
technical decay. The second phase is called the joint production phase (JPR phase for short), as both
technologies are used to produce output. At the beginning of the third phase, called the ‘Carbon Free’
phase (CFR phase for short) the remaining carbon-based capacity is scrapped and production is from
then on completely carbon free: the green future has arrived (just-in-time).

We extend the three-phase setting described above in two ways. First we introduce endogenous
R&D driven technical change that improves the productivity of the carbon free technology up to the
moment of the installation of the first unit that embodies the new technology. The reason to do this is
that the embodiment of technology in fixed capital implies that the build-up of significant stocks of
carbon free capital will take time which may turn out to be in short supply on the one hand, while on the
other hand it will also draw upon the existing carbon-based capacity at the expense of consumption,
which is the sole source of welfare in the standard AK-model and in our model too. To keep matters
simple, we make the assumption that R&D driven technical change stops the moment the new
technology starts to be implemented. The fact that the build-up of carbon free capacity to a level that is
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sufficient to mitigate the aggregate productivity drop associated with the scrapping of remaining carbon-
based capacity at the beginning of the carbon free phase takes time, is one of the main reasons of the
model’s focus on the optimum timing of the changes between the different phases we have
distinguished in the model. The R&D function itself, being incorporated in an AK-setting with an
ultimately constant marginal product of capital, generates productivity levels that are bounded from
above (asymptotic technical change), to reflect the ‘fishing-out’ effect known from Jones (1995). The
latter effect seems to be particularly relevant with respect to the further development of specific
technologies, as opposed to technical change occurring at the macro-level in the form of an expansion of
a broad set of such specific technologies. The second extension pertains to the introduction of a weather
related damage threshold, where we make the assumption that in this version of the model extra
damages will occur (modelled as a jump in the rate of technical decay of the capital stocks), once a
particular level of cumulative CO2 emissions has been surpassed. This damage threshold lies below the
irreversible climate change threshold by assumption, since it could otherwise never become a truly
?'pinding constraint.

The timing of the phase changes present in the various model versions are governed by
transversality conditions following from the optimality condition that the Hamiltonians when evaluated
at the moment of the phase change under the conditions pertaining to the phases just before and just
after the phase change, are identical. In the Basic Model (further called BAM), i.e. the model without
R&D and without extra weather related damages, the condition defining the optimum length of the BAU
phase turns out to be the requirement that the shadow prices of carbon-based and carbon free capacity
should be the same at the moment investment in the latter technology takes over from investment in
the former. This makes perfect economic sense, as the opportunity cost per unit of investment in terms
of consumption foregone is the same in both cases. For the timing of the change from the JPR phase to
the CFR phase, the optimality condition results in a transversality condition that states that the moment
that the CFR phase should begin is implicitly defined by the requirement that the benefits of continuing
to use carbon-based capacity (the utility value of its output) is outweighed by the cost of doing so (the
utility value of the corresponding emissions), which closely resembles the ‘negative quasi-rent’ scrapping
condition known from the vintage literature with fixed factor proportions ex post (i.e. putty- clay and
clay-clay models).?” For the other model versions, more complicated transversality conditions arise out
of the same general optimality conditions pertaining to the equality of Hamiltonians at the moment of
phase change.

BAM contains two other transversality conditions, i.e. the standard one associated with the pure AK-
setting of the CFR phase®® and the one implied by the fact that from the start of the CFR phase this
shadow price of carbon-based capital should be zero, as carbon-based capacity is worthless from then
on. Using the requirement of the continuity of state and co-state variables at the moment of a phase
change, the transversality conditions in combination with the given initial and terminal values for the
state variables in the model allow us to use a (steepest descent) search method that, for a priori guesses

! The runaway global warming catastrophe may become more catastrophic still, but that by itself seems of little
practical importance.

22 Cf. Johansen (1959) and Solow et al. (1966).

Zin the endogenous R&D version of the model, still another transversality condition is that as time goes to infinity,
the present value of the welfare value of carbon free capital productivity should approach zero.
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of the still missing initial values of a subset of co-states and of the phase lengths of the BAU and the JPR
phases, solves the systems of differential equations resulting from the first order conditions of the
Hamiltonian problems for each of the individual phases. Given this solution that is contingent on the a
priori guesses, we can evaluate to which extent the different transversality conditions and the boundary
condition for cumulative emissions are met. If one or more of these transversality conditions or the
boundary condition are not met, the initial guesses need to be adjusted; if all the conditions are met
then the optimum path has been found.

We then calibrated the parameters and initial values of the model, based to a large extent on
Nordhaus’ 2010 RICE model dataset and making some a priori assumptions regarding the capital
productivity parameters and the parameters of the R&D function in particular.

Using this setup, we have run a number of simulations to investigate the sensitivity of the model for
changes in the structural parameters featuring in the utility function and in the production functions,
which all showed the expected outcomes known from the standard endogenous growth models. We
then turned to a sensitivity analysis that involved the irreversible climate change threshold and the
weather related damages threshold. In the simulation where we systematically reduced the climate
change threshold in order to see what a more stringent application of the precautionary principle would
mean, we find that in BAM it will be optimal to accumulate carbon-based capital at a faster pace than
with a less tight cumulative emissions threshold, so that the arrival of the CFR phase is speeded up. To
facilitate the latter, a quick build-up of the carbon-based capital stock is required to be able to switch
relatively early to investment in carbon free capacity and to enable considerable rates of both
investment and consumption once investment in carbon-based production and later on production using
carbon-based capacity has ceased. Tightening the cumulative emissions constraint raises (in absolute
terms) this shadow price of CO2 emissions, but also that of carbon free capital. But somewhat
unexpectedly perhaps, it also raises the shadow price of carbon-based capital, simply because the value
attributed to the carbon-based capital stock is for an important part derived from the value of the carbon
free stock that it is able to produce.

When we allow for endogenous R&D reactions in this setting, we observe that the length of the BAU
phase increases relative to the BAM case. The latter allows R&D activity to be more evenly spread over
time, which, due to the concavity of carbon free capital productivity in R&D efforts raises the overall
effectiveness of a given R&D budget. There is also more time to accumulate carbon-based capital, so that
at the end of the BAU phase there can be a considerable terminal value of carbon-based capital: the
extension of the BAU phase allows the economy to eat its carbon-based cake and still have a
considerable amount of it left at the beginning of the JPR phase in the form of carbon-based capital. In
contrast to the BAM case, the JPR phase is now shortened as the cumulative emissions threshold
becomes tighter. The overall effect is that the CFR phase comes slightly earlier than in BAM, while the
dispersion in the welfare effects is less than under BAM: the possibility to change productivity through
R&D helps to fight the negative welfare effects of tightening emission constraints.

When we add extra weather related damages to this framework such that these occur within the
BAU phase, we effectively introduce an extra phase so that this version of the model now contains four
phases: a low damage BAU phase, a high damage BAU phase, and high damage JPR and CFR phases. The
weather related damages introduce an additional incentive to engage in R&D. The reason is that the
weather related damages pertain to physical capital, while the productivity of the surviving capital units,
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but more importantly also the future units, will remain untouched, so increasing the productivity of
carbon free capital is a natural reaction to maintain a reasonable net return to future carbon free
investment. In addition to the extra R&D activity, we also observe extra investment in carbon-based
capacity during the low damage BAU phase. The reason is that the expectation of extra weather related
damages induces a wedge in the rate of return on carbon-based investment during the low and high
damage sub phases of the BAU phase. An increase in the extra damages rate also leads to a more even
distribution of carbon free investment over time, in order to mitigate the negative effects on
consumption of increased weather related damages. With low damage rates, investment in carbon free
capacity during the JPR phase is strongly increasing in anticipation of having to cushion the drop in
output associated with the scrapping of the remaining carbon-based capital stock at the beginning of the
CFR phase. With higher damages, the drop will necessarily be less, ceteris paribus.

So what do we learn from all this? The embodiment of technical change in physical units of capital
underlines the practical importance of the notion of capital as a produced means of production. It
therefore stresses the need for a productive carbon-based capital production system in order to be able
to produce the right amount and quality of the carbon free production units on which future welfare will
exclusively come to depend. The results also underline that accounting for the embodiment of technical
change seems to imply a worryingly short BAU phase. Furthermore, R&D is an important means to
cushion the negative welfare effects of tighter emission thresholds and increasing weather related
damages. The reason is that physical capital investment in carbon-based capacity is at the same time
both a substitute for and a complement of R&D investment. It is a substitute from a pure production
point of view, while it is a complement because of the embodied nature of technical change that needs
physical investment to turn potential productivity improvements into real ones. Because the return to
R&D and that to physical investment in carbon free capacity depend positively on each other, output
itself and therefore consumption and investment possibilities are positively affected by having the
possibility to engage in R&D. Hence, R&D efforts provide an additional means to both reduce the
dispersion in welfare outcomes and to maintain or even increase future carbon free output levels and
growth rates in the face of increasingly volatile weather events and corresponding damages and a rising
probability of runaway global warming.
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Appendix A. The timing of R&D

Consider the availability of Bo>0 at t=TBAU. Consider also the possibility to wait a while, say till
T*, and then start the R&D process, still using only the A-technology for production. Then at T* the BAU
phase is effectively split into two sub-phases, say U0 and U1, where U0 comes before Ul. Assume,
moreover, that the split at T* would be optimal. In that case the only difference between these sub-
phases is the R&D process that needs to be fuelled by allocating part of output to the R&D process and
that produces positively valued increases of the productivity parameter B from a given initial value B.
So the Hamiltonian at T* for sub-phase U0 would be given by:

HY? =et.C. 7 J1-0) + 2 {(A-5")- KA -C..} (A1)

The first order condition for consumption can be solved for C, giving rise to C,. = f(/i?*,T*).

Hence, the Hamiltonian can be rewritten as:

HE = g(F (8, T%) + 2 {(A-5%) - KA — (2. T} (r2)
For U1, we have:

HYL = g(f (1, T*) + 25 {(A= %) - KA — f (A0, T*) - R}+ A ¢ RS -(B - B) (A3)
The first order condition for an optimal allocation of R&D resources implies that:

MRl =p-A.-c-Rl.-(B-B) (A.4)
Hence, we must have that:

H#J*l: H#ﬂo+(1—ﬂ)-ﬂ,$*-g-RTﬂ*-(§—B)> H#J*O (A.5)

for a positive level of R&D activity from T*, as we have assumed. It follows that the difference
H?,,O - H;J*l <0, and so T* should be reduced®, in this case till the beginning of UQ, i.e. till T*=TBAU,

since the difference between both Hamiltonians would not vanish. This implies that the R&D process
should begin at the moment that the B-technology is discovered. In our case we make the assumption
that Bo>0 from t=TBAU=0.

?* By reducing T* by 1 unit of time, i.e. let the U1 phase begin one unit of time earlier, we lose the Hamiltonian at
the end of U0 and gain the Hamiltonian at the beginning of U1, which in this case would lead to a net gain.

43



References

Aghion, P., & Howitt, P. , 1992, A Model of Growth Through Creative Destruction. Econometrica, 60(2),
323-351.

Barro, R., & Sala-i-Martin, X., 2004, Economic Growth (2nd ed.): MIT Press.

Boucekkine, R., De la Croix, D., & Licandro, O. (2011). Vintage Capital Growth Theory: Three
Breakthroughs. Unpublished Working Paper. Barcelona GSE.

Boucekkine, R., A. Pommeret and F. Prieur, 2012, Optimal Regime Switching and Threshold Effects:
Theory and Application to a Resource Extraction Problem under Irreversibility, Document de
Recherche nr 2012-14, Unité de Formation et de Recherche d'Economie, Montpellier.

Dorfman, R., 1969, An Economic Interpretation of Optimal Control Theory. The American Economic
Review, 59(5), 817-831.

Dyer, G., 2010, “Climate Wars: The Fight for Survival as the World Overheats”, OneWorld
Publications.

IPCC, 2007, Climate change 2007: the physical science basis: contribution of Working Group | to the
Fourth Assessment Report of the Intergovernmental Panel on Climate Change. Cambridge; New
York: Cambridge University Press.

Johansen, L., 1959, Substitution versus Fixed Production Coefficients in the Theory of Economic Growth:
A Synthesis. Econometrica, 27(2), 157-176.

Jones, C.l., 1995, R&D-Based Models of Economic Growth, Journal of Political Economy, 103, pp. 759-
784.

Leonard, D., & Van Long, N., 1992, Optimal control theory and static optimization in economics.
Cambridge: Cambridge Univ. Press.

Lucas Jr, R. E., 1988, On the mechanics of economic development. Journal of Monetary Economics, 22(1),
3-42.

Lynas, M., 2007, “Six Degrees: Our Future on a Hotter Planet”, Fourth Estate.

Rebelo, S., 1991, Long-Run Policy Analysis and Long-Run Growth, Journal of Political Economy, 99, pp.
500-521.

Romer, P. M., 1990, Endogenous Technological Change. Journal of Political Economy, 98(5), S71-5102.

Schumacher, I. , 2011, WHEN SHOULD WE STOP EXTRACTING NONRENEWABLE RESOURCES?
Macroeconomic Dynamics, 15(4), 495-512.

Solow, R. M., Tobin, J., von Weizsacker, C. C., & Yaari, M. (1966). Neoclassical Growth with Fixed Factor
Proportions. The Review of Economic Studies, 33(2), 79-115.

Stern, N. H. ,2006,. The economics of climate change: the Stern review. Cambridge: Cambridge University
Press.

44



Tahvonen, 0. and S. Salo, 2001, “Economic growth and transition between renewable and
nonrenewable energy resources”, European Economic Review, 45, 1379-1398.

Valente, S. (2011). Endogenous Growth, Backstop Technology Adoption, and Optimal Jumps.
Macroeconomic Dynamics, 15(3), 293-325.

45



The UNU-MERIT WORKING Paper Series

2012-01 Maastricht reflections on innovation by Luc Soete

2012-02A methodological survey of dynamic microsimulation models by lJinjing Li and
Cathal O'Donoghue

2012-03 Evaluating binary alignment methods in microsimulation models by lJinjing Li and
Cathal O'Donoghue

2012-04 Estimates of the value of patent rights in China by Can Huang

2012-05 The impact of malnutrition and post traumatic stress disorder on the performance
of working memory in children by Elise de Neubourg and Chris de Neubourg

2012-06 Cross-national trends in permanent earnings inequality and earnings instability in
Europe 1994-2001 by Denisa Maria Sologon and Cathal O'Donoghue

2012-07 Foreign aid transaction costs by Frieda Vandeninden

2012-08 A simulation of social pensions in Europe by Frieda Vandeninden

2012-09 The informal ICT sector and innovation processes in Senegal by Almamy Konté and
Mariama Ndong

2012-10The monkey on your back?! Hierarchical positions and their influence on
participants' behaviour within communities of learning by Martin Rehm, Wim
Gijselaers and Mien Segers

2012-11 Do Ak models really lack transitional dynamics? by Yoseph Yilma Getachew

2012-12 The co-evolution of organizational performance and emotional contagion by R.
Cowan, N. Jonard, and R.Weehuizen

2012-13 "Surfeiting, the appetite may sicken": Entrepreneurship and the happiness of
nations by Wim Naudé, José Ernesto Amords and Oscar Cristi

2012-14 Social interactions and complex networks by Daniel C. Opolot

2012-15New firm creation and failure: A matching approach by Thomas Gries, Stefan
Jungblut and Wim Naudé

2012-16 Gains from child-centred Early Childhood Education: Evidence from a Dutch pilot
programme by Robert Bauchmdiiller

2012-17 Highly skilled temporary return, technological change and Innovation: The Case of
the TRQN Project in Afghanistan by Melissa Siegel and Katie Kuschminder

2012-18 New Technologies in remittances sending: Opportunities for mobile remittances in
Africa Melissa Siegel and Sonja Fransen

2012-19 Implementation of cross-country migration surveys in conflict-affected settings:
Lessons from the IS Academy survey in Burundi and Ethiopia by Sonja Fransen,
Katie Kuschminder and Melissa Siegel

2012-20 International entrepreneurship and technological capabilities in the Middle East
and North Africa by Juliane Brach and Wim Naudé

2012-21 Entrepreneurship, stages of development, and industrialization by Zoltan J. Acs and
Wim Naudé

2012-22 Innovation strategies and employment in Latin American firms by Gustavo Crespi
and Pluvia Zuniga

2012-23An exploration of agricultural grassroots innovation in South Africa and
implications for innovation indicator development by Brigid Letty, Zanele Shezi and
Maxwell Mudhara

2012-24 Employment effect of innovation: microdata evidence from Bangladesh and
Pakistan by Abdul Waheed



2012-250pen innovation, contracts, and intellectual property rights: an exploratory
empirical study by John Hagedoorn and Ann-Kristin Ridder

2012-26 Remittances provide resilience against disasters in Africa by Wim Naudé and Henri
Bezuidenhout

2012-27 Entrepreneurship and economic development: Theory, evidence and policy by Wim
Naudé

2012-28 Whom to target - an obvious choice? by Esther Schiiring and Franziska Gassmann

2012-29 Sunk costs, extensive R&D subsidies and permanent inducement effects by Pere
Arqué-Castells and Pierre Mohnen

2012-30Assessing contingent liabilities in public-private partnerships (PPPs) by Emmanouil
Sfakianakis and Mindel van de Laar

2012-31 Informal knowledge exchanges under complex social relations: A network study of
handloom clusters in Kerala, India by Robin Cowan and Anant Kamath

2012-32 Proximate, intermediate and ultimate causality: Theories and experiences of
growth and development by Adam Szirmai

2012-33 Institutions and long-run growth performance: An analytic literature review of the
institutional determinants of economic growth by Richard Bluhm and Adam Szirmai

2012-34 Techniques for dealing with reverse causality between institutions and economic
performance by Luciana Cingolani and Denis de Crombrugghe

2012-35 Preliminary conclusions on institutions and economic performance by Denis de
Crombrugghe and Kristine Farla

2012-36 Stylized facts of governance, institutions and economic development. Exploring the
institutional profiles database by Bart Verspagen

2012-37 Exploring the Panel Components of the Institutional Profiles Database (IPD) by
Luciana Cingolani and Denis de Crombrugghe

2012-38 Institutions and credit by Kristine Farla

2012-39 Industrial policy for growth by Kristine Farla

2012-40 Explaining the dynamics of stagnation: An empirical examination of the North,
Wallis and Weingast approach by Richard Bluhm, Denis de Crombrugghe and
Adam Szirmai

2012-41 The importance of manufacturing in economic development: Past, present and
future perspectives by Wim Naudé and Adam Szirmai

2012-42 Lords of Uhuru: the political economy of elite competition and institutional change
in post-independence Kenya by Biniam Bedasso

2012-43 Employment and wages of people living with HIV/AIDS by Pilar Garcia-Gomez, José
M. Labeaga and Juan Oliva

2012-44 Prescriptions for network strategy: Does evidence of network effects in cross-
section support them? by Joel A.C. Baum, Robin Cowan and Nicolas Jonard

2012-45 Perspectives on human development theory in democracy promotion: A
comparison of democracy promotion programmes in Egypt through the lenses of
classical and revised modernisation theory by Inger Karin Moen Dyrnes

2012-46 Nonlinearities in productivity growth: A semi-parametric panel analysis by
Théophile T. Azomahou, Bity Diene and Mbaye Diene

2012-47 Optimal health investment with separable and non-separable preferences by
Théophile T. Azomahou, Bity Diene, Mbaye Diene and Luc Soete

2012-48Income polarization and innovation: Evidence from African economies by
Théophile T. Azomahou and Mbaye Dien



2012-49 Technological capabilities and cost efficiency as antecedents of foreign market
entry by Fabrizio Cesaroni, Marco S. Giarratana and Ester Martinez-Ros

2012-50 Does the internet generate economic growth, international trade, or both? by
Huub Meijers

2012-51 Process innovation objectives and management complementarities: patterns,
drivers, co-adoption and performance effects by Jose-Luis Hervas-Oliver, Francisca
Sempere-Ripoll and Carles Boronat-Moll

2012-52 A systemic perspective in understanding the successful emergence of non-
traditional exports: two cases from Africa and Latin America by Michiko lizuka and
Mulu Gebreeyesus

2012-53 Determinants of quadic patenting: Market access, imitative threat, competition
and strength of intellectual property rights Can Huang and Jojo Jacob

2012-54 Envy and habits: Panel data estimates of interdependent preferences by Jose Maria
Casado, Francisco Alvarez-Cuadrado, Jose Maria Labeaga and Dhanoos Sutthiphisal

2012-55The impact of Medium-Skilled immigration: A general equilibrium approach by
Joan Muysken, Ehsan Vallizadeh and Thomas Ziesemer

2012-56 Tax incentives or subsidies for R&D? by Isabel Busom, Beatriz Corchuelo and Ester
Martinez Ros

2012-57 The impact of development aid on education and health: Survey and new evidence
from dynamic models by Thomas Ziesemer

2012-58 Do R&D tax incentives lead to higher wages for R&D workers? Evidence from the
Netherlands by Boris Lokshin and Pierre Mohnen

2012-59 Determinants of the prevalence of diarrhoea in adolescents attending school: A
case study of an Indian village school by Shyama V. Ramani, Timothée Friihauf,
Arijita Dutta and Huub Meijers

2012-60 Communication costs and trade in Sub-Saharan Africa by Evans Mupela and Adam
Szirmai

2012-61 Differential welfare state impacts for frontier working age families by Irina S.
Burlacu and Cathal O'Donoghue

2012-62 Microeconometric evidence of financing frictions and innovative activity by
Amaresh K Tiwari, Pierre Mohnen, Franz C. Palm, Sybrand Schim van der Loeff

2012-63 Globalization and the changing institution for sustainability: The case of the
Salmon farming industry in Chile by Michiko lizuka and Jorge Katz

2012-64 Chronic and transitory poverty in the Kyrgyz Republic: What can synthetic panels
tell us? by Mira Bierbaum and Franziska Gassmann

2012-65 Worker remittances and government behaviour in the receiving countries by
Thomas H.W. Ziesemer

2012-66 Switching the lights off: The impact of energy tariff increases on households in the
Kyrgyz Republic by Franziska Gassmann

2012-67 The dynamics of renewable energy transition in developing countries - The case of
South Africa and India by Radhika Perrot

2012-68 Government R&D impact on the South African macro-economy by Radhika Perrot,
David Mosaka, Lefentse Nokaneng and Rita Sikhondze

2012-69 The determinants of home based long-term care utilisation in Western European
countries by Sonila M Tomini, Wim Groot and Milena Pavlova

2012-70 Paying informally for public health care in Albania: scarce resources or governance
failure? by Sonila M Tomini and Wim Groot



2012-71 Learning and the structure of citation networks by Francois Lafond

2012-72 Political determinants of sustainable transport in Latin American cities by Carlos
Cadena Gaitan

2012-73 Community cohesion and inherited networks - A network study of two handloom
clusters in Kerala, India by Anant Kamath and Robin Cowan

2012-74 Learning and convergence in networks by Daniel C. Opolot and Théophile T.
Azomahou

2012-75 Optimal multi-phase transition paths toward a stabilized global climate: Integrated
dynamic requirements analysis for the 'tech fix' by Paul A. David and Adriaan van
Zon

2012-76 European investment promotion agencies vis-a-vis multinational companies from
emerging economies: Comparative analysis of BRIC investor targeting by Sergey
Filippov

2012-77 Migration and multi-dimensional poverty in Moldovan communities by Melissa
Siegel and Jennifer Waidler

2012-78 Entrepreneurship and innovation in a hybrid political order: The case of Lebanon by
Nora Stel

2012-79 Optimal multi-phase transition paths toward a global green economy by Adriaan
van Zon and Paul A. David



